Report No. 177 / UILU ENG-98-4005

Surface Durability of Dry Coaxial Splines

by
Frank Leonard Bohm

B.S., University of llinois at Urbana-Champaign, 1986

THESIS

Submitted in partial fulfiliment of the requirements
tor the degree of Master of Science in Mechanical Engineering
in the Graduate College of the
University of Illinois at Urbana-Champaign, 1998

Urbana, Iilinois



SURFACE DURABILITY OF DRY COAXIAL SPLINES

Frank Leonard Bohm, M.S.
Mechanical Engineering
University of Hlinois at Urbana-Champaign, 1998
Professor D. F. Socie, Advisor
The prediction of coaxial spline tooth wear requires knowledge of the tooth loading and
relative movement characteristics, as well as the mechanisms for fretting wear, fretting
corrosion, fretting fatigue, and reciprocating wear. This paper presents the proposed
mechanisms and theories of many researchers, along with their empirical findings. Also
presented is a model developed for the purpose of this analysis that can be used to
determine the number of teeth in contact, contact stresses, sliding amplitudes, and
pressure velocity products for a given coaxial spline configuration. These results can
then be analyzed in terms of relevant wear theories to predict life and performance
characteristics. While the model was initially developed to predict and improve the

performance of coaxial splines in applications involving clutches, it can also be uscd to

predict the interactions of splined couplings.
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I Intreduction

A. Applications Involving Coaxial Splines

Coaxial splines are used to transmit power in a wide range of app!ications, from vehicular
to industrial. In the automotive industry, for example, they are found in the transmissions
coupling to the engine, in drive shafts, and on both sides of the differential that drives
torque to the rear wheels. The use of coaxial splines in machinery is endless, as they
allow high torsion power transmission in conjunction with a desired axial movement of
one of the two members. Some of the most challenging applications in terms of reducing
spline fretting are on the quill shatts of drive accessories such as generators and hydraulic

pumps [1].

The type of application that is the focus of this paper is that of electromagnetic clutches.
In these cluiches, a coaxial spline is used to allow an armature, the outer member, to
freely move axially such that it does not drag against a mating clutch surface while
disengaged. Once engaged, the clutch torque is driven through the spline. It was found
that in some of these clutch applications the spline would wear quite rapidly. In others
thé wear would be gradual, in still others, the spline would not wear at all. One design,
common among industrial cluiches, is to have teeth of the splined hub made of plastic,
while the teeth of the mating part, the clutch armature, are of low carbon steel. This
combination has been used in various applications for years. Whereas in some
applications there is a high probability that a clutch would exhibit excessive spline wear,
in other applications there are no problems, suggesting an application specific cause for

wear.

This led te a hypothesis that there are three primary factors that combine to cause extreme
wear. (1) high temperature; (2) a continuous drag torque while the clatch is engaged; and
(3) offset spline shafts. Each of these possible causes were independently evaluated in

the taboratory. 'Those evaluations revealed that, acting alone, not one of the three causes



would produce the excessive wear. It was only when these factors were combined that

the failure occurred quickly and repeatedly. These findings served to help validate the

hypothesis.

B. Treatments to Reduce Spline Wear

When gear couplings exhibit premature failures, one of the first improvements considered
is the lubrication of the gear surfaces. In fact, in lubricated gear couplings, some
misalignment has been found beneficial. I there in no misalignment between the teeth,
there is no relative motion between the teeth, the lubricant is squeezed out, and the
coefficient of friction becomes static [2]. In the case of clutches, however, lubricant is
not an option, as any lubricant contaminating the clutch face would reduce the torque and

effectiveness of the clutch. Therefore, solutions to the problems involving clutches are

limited to dry splines.

Lee [1] suggests several treatments that reduce spline wear in metal on metal systems.
One treatment is plating one of the spline members with a soft, low-shear-strength
material like silver. Although expensive, it has been shown to be effective. A more
economical coating which has been shown to reduce fretting wear is molybdenum
disulphide. The opposite approach is to apply a hard, wear-resistant coating on the teeth.
Chromium and electroless nickel can be plated on one spline .0002 inches thick to protect
the underlying material. Another technique is to change the core material of the teeth.
Rather than a metal on metal system, a polymer on metal or metal on metal system can
reduce the wear. The last recommended treatment by Lee is to reduce the relative
movements as much as possible through the design of the components. Although fretting
is somewhat random, it can usually be sufficiently reduced by employing these
treatments. The materials used in the system are important to predict the failure

mechanisms and the expected life.

These treatments are not always feasible, however, forcing engineers to find alternatives.

Fisher and Wilson [3] patented a vibration-proof coupling which eliminates fretting



corrosion. The invention is a splined coupling that uses a collar to clamp the external
member onto the internal splined shaft. While this can be expected to eliminate fretting
corrosion by eliminating relative movement, axial movement is also eliminated, limiting
the functionality of this design. Ying and Cooper [4] also patented a coupling which
would prevent fretting corrosion. This invention works on the same principal as Fisher
and Wilson’s, except the inner member expands outward to prevent the motion. It has the

same limitations regarding axial play as the Fisher and Wilson invention.

C. Combining Technologies to Predict Coaxial Spline Performance

There are three technologies involved in this evaluation. They are gear design, fretting,
and wear. Gear design is an older, primarily empirical form of engineering. Much of
what has been learned has been through experience with real applications. Therefore, the
majority of the publications involve lubricated steel gear reducers. The information
available with respect to fretting is somewhat more theoretical but still highly empirical.
Researchers hypothesize as to the causes of fretting, then develop theoretical models and
adjust them through constants to match actual results. The information concerning wear
is of a similar nature, but the volume of research with respect to the wear is less extensive
than that of fretting. Relating the findings from these three technologies serves to provide
an understanding of the mechanisms that cause dry coaxial spline teeth surfaces to wear,

as well as to help identify potential sclutions.

As demonstrated later in the paper, there is a fourth technology required in this
evaluation, that of mechanics. Failure models that consider the interactions between
various loading conditions have not been found in the litcraturc. Therefore, a model was
developed and presented which determines the loads, sliding speeds, and other parameters

involved in the spline tecth interface.



1T Gear Tooth Wear

A. Types of Wear

Gear tooth wear is one of the vldest phenomena studied by engineérs. AGMA 210, “The
American Gear Manufacturers Association Standard For Surface Durability (Pitting) of
Spur Gear Teeth” was tirst approved in 1961 [5]. Dudley [6], in 1954, published the first
editions of the Handbook of Practical Gear Design, which today is still one of the better
gear design references. This handbook, along with the vast majority of the literature on
gear design, evaluates the most common application of gears, that of power transmission.
Emphasis is placed on pairs of lubricated external tooth gears, and design rules for the
loading and durability of gears are based on gear speed reducers and lubricant

temperatures.

Gear tooth failure occurs through a variety of means. These are identified in Figure 2.1 as
wear, pitting, fracture, and scoring [7]. According to Dudley, gears typically fail first by

wear, then by fracture.

Abrasive Wear Limit
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Tooth
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g Fracture
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] _ Seizing
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Figure 2.1: Relationship between gear stress and speed to
surface damage.



In this section, gear tooth wear by scoring, pitting, galling, fretting and abrasion will be

discussed, as well as tooth fracture.

1. Scoring
Scoring, which is denoted in the far right region of Figure 2.1, is uéually considered to be

a lubrication failure and is most likely to occur at medium and high speeds.

There have been many models used to predict scoring of gears. In 1937, Blok presented
the flash temperature criteria. This is based on a constant equal to the load times velocity
to the power x. The value of x has since been debated to range from -1 o 2 [8]. Today,
the most famous model is the critical temperature model. Others are the critical power
intensity model, critical power model [9], flash temperature index model [10], Meng’s
criteria, Almen’s criteria, Borsoff and Godet’s scoring factor, and Rozeanu’s stability
criterion [8]. Most of these scoring criteria contain two parameters, load and velocity.
Ku [9], however, found in the analysis of several sets of aircraft gears which failed due to

scoring that the major problems were misalignment and dynamic tooth loading.

For a set of new gears, scoring is the first performance barrier thal must be overcome [9].
With soft gear materials, run-in has been found to reduce scoring. Run-in is the light
loading of the teeth early in their life. ‘Lhis produces light wear on the teeth surfaces,
which lowers contact stresses. In light of this, if the gear accuracy is not sufficient,
scoring is more likely to occur [6]. Although expensive, it has also been found that
plating the teeth with copper or silver can eliminate scoring [6]. This, perhaps, allows

run-in to occur faster.

Alman and coworkers [11] identify that scuffing or scoring is a result of the tearing of the
tooth material due to insufficient lubricant. The indentations created on the surface are
from small amounts of material welding under high pressures and friction-induced heat.
Sliding a small cylinder against the flat side of a disk can be used as a standard wear test.

Comparisons of the disk test data, however, to gear data have been unsuccessful to date.



This may be due to the fact that the disk data is collected is under steady-state
conditions, whereas the actual gear applications are not steady state. Although the exact
mechanism of scoring is not yet understood, gear design engineers generally agree that it

is thermal in nature [9].

2. Pitting
Dudley [6] considers pitting to be a fatigue failure. This wearing of the tooth profile is a
result of concentrated loads at the pitch line and higher local coefficients of friétion,
which produce surface rupture. Typical observations are that the gear which acts as the
driver is more likely to experience pitting in a transmission [12]. Wilde [13] uses the

relation between the teeth action and stresses to predict the location of pitting.

The contact point on the driver moves outward, increasing speed. The driven tooth has

the opposite action as the driver. This causes the area indicated in Figure 2.2 with an x to

be in tension, and it is therefore most likely to pit.

Driven

Decreasing
Speed

Increasing

Speed

Figure 2.2: Surface action and stresses.

Reversing the rotation of the gear can retard or stop pitting. This is due to the fact that
tensile stresses accelerate pitting, while compressive surface stresses serve to retard the
effect. Additionally, it has been found that if the tensile stresses fall below a critical

value, pitting stops entirely [12]. This critical limit is a function of the tooth’s material



and can be reduced by strain hardening the surface [14]. This, however, is in
contradiction to some of the early literature, which disclaim the existence of such an

endurance limit [6].

Pitting is also dependent on the number of cycles encountered. Ga-y [15] reports that
pitting rarely occurs after 10 million cycles. Initially, while surface cracks may appear,
actual pitting requires a minimum of 20,000 cycles before it begins. Others, such as
Yoshida, Ohue, and Karasuno [16], say that it can take 500,000 or more cycles to produce
even a crack, and that this is independent of the lubricant used in the application. 1t is

generally agreed, however, that the number of cycles before pitting begins is a function of

the tooth’s stress.

One interesting theory, proposed by Lipson [12], is that if a lubricant is present, its
hydrodynamic wedging in the crack actually causes the pitting and, therefore, pitting
cannot take piace without oil. Another hypothesis proposes that any conditions which
increase the tooth stress can cause pitting. Misalignment and deflection under load can

both serve as stress risers [15].

In 1975, Bartz and Kruger [17] claimed that the cracks initiate at or below the surface,
depending on the substrate material. While cracks can occur at stress risers, processing
scars, or when strain hardening of the surface exceeds the elastic limit, it is the shear
stresses alone that control the cracks. The maximum amount of shear stresses is
predicted to occur at .78 times the contact radius below the surface and have a magnitude

of .3 times the maximum Hertzian pressure, po, as shown in the cylinder-plate systcm in

Figure 2.3 [14].

After particles fall away, pitting may stop as the load is spread over a larger area of the
toutly, reducing the stress level. Tooth fracture, however, remains a concern under these
conditions [15]. In 1982, Bartz and Kruger [14] continued the debate of where cracks are

first produced. 'They proposed the cracks produced by pitting are 45 degrees to the



surface and shell shaped. The pits have rounded corners and shear edges. In the early
stages of wear, their shape can be confused with indentations caused by foreign material
[15].

Figure 2.3: Stresses in a cylinder plate system.

One common method of reducing pitting is to use different materials. If the gears are
unhardened or made of soft materials, pitting can occur at run-in. Once the surface peaks
are removed and the contact area is sufficiently large to transmit the load, pitting stops
[17]. Eighty to ninety percent of face contact is usually required before design loads can
be accommodated [18]. The carbon content and hardness of the carborized case, along
with the oxidized grain boundaries, have a significant effect on pitting resistance, while
the grade of steel, heat treatment method, retained austenite, and excess carbides have

been found to have little effect [13].

In the case of powder metal, induction hardened gears have been found to fail due to
pitting and spalling. Powder metal has less surface durability than stecl, leading to its

surface degradation, because of the porous nature of the material [16].



3. Galling
Galling is another form of surface deformation. It occurs at slow speeds in sliding
systems that operate intermittently. Identification of galling is made by visual inspection
and is subjective. The surface deformations galling produces should be seen without the

aid of a microscope. Typically, the contact pressure has to exceed a threshold value for

galling to occur [19].

4. Fretting, Abrasion, and Tooth Fracture
Netice that in Figure 2.1 there is no mention of failure by fretting. Fretting, the surface
wear produced by low amplitude sliding, has not always been considered a failure mode
for gears. Wilde [13] is one of the few references which suggests the existence of fretting
fatigue failures in gear teeth. It appears that the relationship between gear teeth and

fretting was first discovered in the late 1970’s.

Abrasive wear occurs on gear teeth as a result of debris between the two surfaces [13]. It

can also occur when the speed is sufficiently slow and the load high enough to cause the

surfaces to make contact and their asperities to plastically deform.

Tooth fracture, the ultimate failure, happens when the load is large enough to cause a

crack to grow across the tooth. Although tooth fracture is a form of gear tooth failure,

this study focuses on those failures resulting from surface wear.

B. Other Parameters

1. Geometry
In a typical gear reducer, variations from tooth to tooth in a gear’s geometry have been
identified as a source of concern. These variations can cause torque fluctuations in the
drive, increasing the tooth’s load. Coupled with inertia, dynamic loads can increase five
fo six times those transmitted. Variations from the ideal gear train, including

manufactured tooth form, deflections, tolerances from assembly, and changing contact



interfaces from thermal expansion, can influence both strength and lubrication-related

failures [9].

Thermal expansion is of particular interest in coaxial splined couplings, as it effects the
fit of the spline. If the two materials have different thermal expanéion rates, a close fit
between mating splines may become tight at high temperatures. This can produce
excessive stresses on the components. In the case of plastic gears, humidity, as well as

temperature, may cause the gears to swell.

The manufacturing processes can significantly impact the gear tooth’s geometry. If the
gear is produced with powder metallurgy, the tolerance of the teeth should meet an
AGMA quality number of 6 to 8, as sintered [20]. The higher the quality number the
better the gear fit. The majority of industrial applications fall in the quality range of 10 to
13 [10]. For this reason, it is recommended that if gears from powder metallurgy are used,
secondary processing should be considered. In Chapter 7, evaluations will be made with
involute splined teeth. There, the ANSI class determines the quality of fit. The classes

range from 4 to 7. The smaller the ANSI class, the tighter the fit.

Changes in tooth deflection, the tooth form, machining marks, and other imperfections
can disrupt the evaluation of alloys and heat treatment changes |11]. Therefore, when
testing potential application improvements, these items should be controlled. One of the
most difficult imperfections to handle in gear evaluations is misalignment. It is both

difficult to measure and control {9].

2. Tooth Contact
The tooth’s contact area shape is an important aspect in the evaluation of its stresses,
since contact stress is a direct function of the area of contact. The classical Hertz method
of calculating the contact area will be described in Section C. The contact shape is not
always rectangular; it can be elliptical [9] One method of determining not just the shape

of the contact area, but whether contact is being made on all of the teeth, is to coat the

10



gears with red lead paste. By loading the gear assembly with an auxiliary brake and
rotating it at a slow speed, the contact areas can be identified [21]. Another method is to
do the following: (1) flash plate the pinion with a chemically reducible element like
copper; (2) assemble the gears without lubricant; (3) rotate the gears with a light load,
then statically load them with torque; (4) fill the gear box with a re'ducing gas such as
HaS, hydrogen sulfide; and (5) purge the gear box with fresh air and inspect the gears.

The plated surfaces will tarnish dark, except at the areas of contact [21].

The manufacturing tolerances of gear teeth in reducers can cause axial parallelism
problems, resulting in the loading of the ends of the teeth. A common treatment of
improper parallelism in the application of biaxial gear shafts is to crown the teeth [10]. A
crown relieves the axial ends of the teeth so that angular misalignment creates contact

toward the center of the tooth, rather than on the edge.

3. Tooth Deflection
Whether in a gear reducer with parallel shafts or with coaxial splines, when one of the
gear teeth deflects under load, the ability to predict the loads on the surrounding teeth is
significantly reduced. The contact stresses for gear leeth with a deflected neighboring
tooth are quite different from stresses calculated through classical gear design. Yet
whenever a load 1s applied to a gear tooth, there is movement. This is the hypothesis that

will be a major contributor to the coaxial spline tooth durability analysis and will be the

focus of this paper.

The evaluation of gear tooth deflection was empirically evaluated for sets of gear teeth in
the 1930°s. The exact results presented by Walker [22] and [23] are of little use in
coaxial splines. As they are presented, the reduction ratio of the gears is key to the
results. Walker’s general solution [23], however, found tooth deflection ta be
proportional to load divided by the Young’s modulus. Walker also found the tooth
deflection to be independent of pitch. For a constant number of teeth and pressurc angic,

the deflection of the tooth is constant for a given load, regardless of changes in pitch [23].

11



This concept that deflection is independent of pitch was evaluated in a machine in which
the gear was rigidly mounted. A dead weight was applied to the tooth being tested and
the deflection measured. Additional weights were then added and further deflection
measurcments made. One disadvantage of this wethod is that the deflections measured
with this device included both the tooth deflection and surface deformations [23]. Taking
this drawback into account, this stmple test method may be sufficient to verify predictions

of other geometry and material changes.

Deflections in the system can contribute to the relative tooth deflection. They include the
gear bodies, shafts, and support bearings, as well as the housing. Even an approach to
solving this problem was not identified until the past few decades [9]. In that time,
computational capabilities have increased substantially, possibly allowing the analysis of
deflections through finite element analysis. Another method to consider would be similar
to Walker’s tooth measurement method. It would involve the measurement of the actual

deflection in the entire system.

For the evaluations made later in this paper, these system deflections will be assumed

zero. If they were considered, they could easily be included by adding them to the spline

offsets.

4. Lubrication
Although this paper focuses on dry applications, the majority of the work done has been
with lubricated gears. Therefore, the significance and impact of lubrication will be
considered and applied where possible. When lubricants are used, their main function is
to prevent the oxidation of the gear tooth surface. If the surfaces are extremely smooth,

however, oxidation will occur despite the application of lubricant [12].

When the lubricant film is insufficient, there is also 2 possibility for scratching, scoring,

scuffing, corrosion, fretting corrosion, hot flow burning, wear [24], mixed friction and
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abrasion due to direct contact [7]. If operating at low speed, the gears may seize [7].
These symptoms, however, may not be solely the result of a poor lubricant film. They
can also be due to operating conditions, such as load and speed. Lubricant characteristics

that could effect the effectiveness of the film include viscosity, quality, and purity [24].

Wilde [13] suggests that the way to avoid abrasive wear is to provide an oil film
sufficient to prevent metal-to-metal contact, since it is the metal-to-metal contact which
produces debris. He points out that if the debris and foreign particles remain smaller than
30 micrometers, abrasive wear normally does not occur. Gay [15], however, claims that

typical asperities on the teeth can be sufficiently large enough to bridge the oil film.

Fowle [18] suggests that dry gears, which are the focus of this work, are covered by
absorbed gasses and an oxide film. They act as the primary lubricant. I these are

removed through severe rubbing, the coefficient of friction and resulting wear rates

increase substantially.

5. Heat
Heat, with the exception of lubrication limitations, is gencrally not an issue in the desigu
of steel gears. This is not true in the case of plastic gears, however. With plastic gears,
high speed causes hysteresis heating, and the gear wear is in the form of melting. The
design parameter used to predict this occurrence is the PV limit of the plastic. The PV
value 1s the product of the contact pressure and the velocity. If the PV value stays below
the PV limit, the wear is minimized. The PV limit is discussed further in Chapter 6.

Typical approaches to reducing this failure mode include reducing the stress, increasing

the gear diameter, and increasing the root area [25].

6. Surface Finish

It is well known that polished surfaces have better fatigue lives than rough surfaces. This
is related to the stress concentrations in the surface finish. In the case of gear life, the

surface roughness is usually associated with the effectiveness of the lubricant. If a rough
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surface is nsed against a smoother one, the smooth one will become slightly rougher

while the rough surface would become quite smooth. Eventually, they will have the same

surface finish [13].

There are many models and predictions on the effect of asperities. vGenerally, if the slope
of the asperity is less than 1 degree, then the deformation is elastic and the oxide film
remain intact, reducing wear [18]. When the asperity angle is greater than one degree, the
deformation is plastic and the oxide layer breaks, exposing bare metal and alkox.ving

adhesion to occur [18].

7. Debris
At any speed, debris increases wear [6]. The production of debris, as well as its
propetties, is important in predicting gear tooth wear. As welding occurs between the
gear teeth, the joint work hardens, and there is a fracture in the weaker parent material.
Material then breaks free and becomes a particle. This can lead to a form of plowing. If
the two gears have significantly different hardness, the harder wear particles can embed
themselves into the softer material and cause greater wear on the harder surface [18]. In a
study by Stoew, [26] particles nced to be larger than 20 micrometers for this type of wear

to occur,

Foreign particles can produce plowing wear as well. Any hard, sharp edged particles like
sand or grinding dust which get caught between the gear teeth can produce excessive

wear in the same manner as the wear particles [18].

C. Predictions Of Tooth Stresses
For gear sets which have offset shafts, such as reducers, the maximum compressive and
shear stresses are found by the Hertzian stresses for cylinders on cylinders. They can be

calculated according to Equations (2.1) through (2.5) [6]. These stresses, however,

according to Dudley [6], are only valid at the pitch line.
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where
S = Maximum compressive stress,
Ss = Maximum shear stress,
F = Force,
L. = Tooth length,
B = Bandwidth of contact,
K; = Constant,
Ri = Radii of cylinder (subscript denotes member number),
v; = Poisson’s ratio, and

E; = Young’s modulus.

Dudley [6] also identifies the depth of maximum shear stress as being .393 times the
contact bandwidth, B. Additionally, it has been found that the more teeth on a pinion, the
lower their strength requirement is. Fewer teeth provide less wear resistance. However,

if the gears in the reducer have a one-to-one ratio, the Hertzian stresses increase by 25%.
The compressive stress evaluations presented are typically used for gear design, but are

only valid for a pair of external teeth, such as those in a typical reducer. For coaxial

gears, which have internal and external teeth, the previous method of Hertzian stress and
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contact area calculation does not apply. A more appropriate model is the cylinder within
a cylindrical socket. This necessitates a change in the above model in the calculation of
the bandwidth of contact, B. The term (R;+R3) in the denominator should be (R;-R>)
[27].

In typical gear reducers, a hunting pattern may exist. This is when one tooth on a gear
eventually contacts all of the teeth on its mating gear. This allows the teeth to wear

evenly and produce a consistent spacing between them [6]. In coaxial gears, this does not

exist, and the subsequent wear advantages are not realized.

D. Testing

The AGMA standards, as well as publications such as Dudley’s, are based on test results.
Love reported that splined axle shafts that were tested with static reversed twist both at
high loads and fatigue loads produced a wide variety of interesting fractures. Based on

these empirical results, he concluded that conventional fatigue testing would not solve the

problems seen in gear teeth [28].

E. Reducing Gear Tooth Wear

While gear teeth can experience wear through a variety of failure modes, it is possible to
significantly reduce wear. One solution is hardening the surfaces of the teeth though
carborizing, nitriding or hard chrome plating. In lubricated applications, nitriding is
recommended for fine teeth [6]. Several coating such as molybdenum disulfide, MoS,,
are on the market that can also reduce gear tooth wear by reducing the coefficient of

friction.

When the coefficient of friction or surface hardening are inadequate, there are other
proprietary coatings available. One is WC/C by Balzers Tool Coating, Inc. in North
Tonawanda, New York {7]. This coating is made of amorphous carbon with tungsten
carbide inclusions and applied by PVD, physical vapor deposition, to only a few

micrometers thick. This film has the lowest coefficient of friction of hard surfaces, .1 to
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2. WC/C coatings provide a 10% to 15% increase in load capacity in case hardened
gears and a 30% to 40% increase for heat-treated gears. In one study, the oil was
removed from a gear case. Whereas this would normally result in seizure, when WC/C

coatings were applied, there was almost no wear, despite the absence of lubrication [7].

F. Summary

The gear tooth failures of interest for this study are scoring and pitting. Scoring is a
lubrication failure whose criteria is proportional to the load times velocity. Pitﬁng is
considered a farigue failure, which has a load limit. The maximum pitting stress is .3
times the Hertzian stress and occurs below the surface. The Hertzian stress calculations
used by gear engineers is for cylinders on cylinders. This is valid provided the gear teeth
are not internal and external. In determining stress, tooth deflection is a recognized factor
and has been found to be independent to the pitch of the gear. The geometry of the gear

can cause dynamic loads to increase by up to a factor of six.

Oxidation is a contributor to gear tooth wear, and the primary purpose of lubrication is to
prevent oxidation. It has also been found that debris size effects wear. If the debris

between the teeth is larger than 20 micrometers, wear will increase.

Testing of splined axle shafts can produce a variety of failures. indicating the difficulty of
relating conventional fatigue data to real applications. Common methods of reducing
gear tooth wear include hardening the surfaces to increase resistance or coating them with

materials which will reduce their friction coefficient.
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[LIR Fretting Wear and Corrosion

Independent of the research in gear design is the study of fretting and its effect on surface
durability. There arc three types of surface degradation that are related to fretting: fretling
fatigue, fretting wear; and fretting corrosion. They are all the result of low amplitude
reciprocating sliding motion between two surfaces. Fretting corrosion occurs due to
environmental chemical interaction with the contact surfaces. Fretting wear, héwever,

nvelves the removal of material from the contact surfaces.

In the most simplified approach, it is believed that there are three stages of wear in the
fretting process [29]. The first stage is the development of adhesion particles. In the case
of metals, this is followed by their oxidation, which then permits corrosive wear to occur.
The last stage is the abrasive wear due to the harder particles acting on the parent
material. In this chapter, fretting wear and fretting corrosion, which are related to each

other, will be considered together.

A. History

Tomlinson {30] in 1927, was the first to systematically study fretting. He thought that

molecular attraction caused fretting and that the cohesive forces between the molecules
on the surface caused the surface to tear away and oxidize. Uhlig [31,32] hypothesized
that there are both chemical and mechanical factors involved in fretting. He suggested

the wear mode! in Equation (3.1).

C
W = (kL ‘le)‘f+ k,ILC 3.1)

where
W = Weight loss,
1. =Load,

C = Number of cycles,
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f = Frequency,
I = Slip amplitude, and

ko. ki, and ks = constants.

Holiday and Hirst, in the 50’s, were the first to use optical and electronic MICroscopy,
along with electron diffraction to evaluate the fretting process. They wanted to relate
fretting to the slip magnitude. They found that, depending on the amount of slip, the

surfaces could weld together. They also found that fretting was not dependent dn the

formativn uf an oxide [33].

Godfrey and his co-workers also used microscopy to establish the mechanism and
identify the nature of fretting fatigue. They found that contact produced adhesion and
very fine particles that broke loose from the surface and then oxidized. They also
determined that fretting occurred in less than one cycle and therefore concluded that

fretting does not require alternating motion [34-38].

Also in the 50°s, Feng and Rightmire suggested a four-stage process to fretting fatigue.
The stages are: (1) initial; (2) transition; (3) declining; and (4) steady-state. These stages
incorporate the breaking away of particles, oxidation, and adhesion. They believed the
process changes from transient to steady-state once the oxide becomes sufficiently thick
on the surface [39-42]. At about the same time, Waterhouse[43] considered the theories
of others and concluded that fretting was like wear, where adhesion, welds, and the

transfer of material occur. He proposed that, in some cases, oxides play an important role

as well.

Since this research, the understanding of fretting mechanisms has evolved considerably.
Besides the increased number of observations, current theories are much closer in
agreement with each other. Although the theories are increasingly similar, there is still no

single over-reaching theory regarding fretting wear and corrosion.
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B. Fretting Wear
Fretting wear takes place when several wear mechanisms act together under small
displacements to cause either wear or fatigue cracks. The end product in ferrous

materials is nonmetallic reddish oxide particles. These particles are often referred to as

“cocoa”, “red-mud”, or “blood” in industry [14].

1. Adhesion and Abrasion Theories
The adhesion theory and the abrasion theory both relate to fretting wear. The adhesion
theory claims there are Lwo types of contact conditions, a strong one which produces
metal transfer and a weak one that produces loose wear particles. Either of these can
occur, regardless of the oxide layer. The presence of an oxide film can, however, reduce

the number of strong contacts [45].

The abrasion theory is based on plastic deformation of surface asperities. Their peaks
shear off, and small particles gather in the spaces between the high spots. There the

particles can oxidize. Those particles can then abrade the contact surface [41, 46].

2. Work of Adhesion
Sikorskii [47], in an attempt to predict fretting wear, predicted a value called the work of

adhesion, Wy, between two surfaces. This is shown in Equation (3.2).

Wab =Ta+ryb—'yab (3'2)

where
Ya» Yo = Surface energies per unit of area of each material and

Yab = Interface free energy.

Rabinowicz [48] demonstrated that high friction coefficients and adhesions occur
between materials that have a high ratio of the work of adhesion to material hardness. He

further found that if the two materials are identical, the work of adhesion is proportional
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to the hardness raised to the 1/3 power. This explains why harder materials require more

energy to join by adhesion than softer materials.

3. Asperity Deformation
With small slip amplitudes, wear will occur if there is plastic deformation of the
asperities. If the stress is above the endurance stress of the material, particles will form

and wear will occur.

If the slip amplitude, half of the total sliding distance during one cycle, is sufficiently
small, there exists a stick region surrounded by a slip region in the area of contact.
Within the stick region, surface damage is limited to the asperities, which are adhesively
joined and become plastically sheared. The energy required to shear those asperities,
though, is small compared to the elasticity energy of the bulk material [49]. Those that
are not plastically sheared but joined may deflect either elastically or plastically. The
prediction of their plastic deformation is quite complex. But for the elastic case, Midlin

[50] derived the relationship of asperity deflection to force and asperity size as shown in

Figure 3.1.
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Figure 3.1: Elastic deformation of asperities.

21



The asperity ratio, a/b, is the ratio of the contact length and width of the asperity. Notice

that the asperity ratio plays a key role in establishing the deflection of the asperity. The

deflection is also proportional to the load divided by the Young’s modulus. Anp analysis

of Midlin’s work through the usc of curve fitting techniques produces the relations in

Equations (3.3) and (3.4).

where

Asperity Deflection, &,(in)

P,
8 = 2G

az az
95-17v—52v* + (.3V—.3)LH(FH , B? <1 ' (3.3)
i 2 2
) a a
O6-42v-24v +.29Ln[‘6"2“ﬂ T =1 (3.4)

O« = Asperity displacement,

P, =Load

Ed

a = Half the asperity contact surface width in the load dircction, x,

b = Half the asperity contact surface width normal to the load direction,

G = Moedulus of rigidity, and

v = Poisson’s ratio.
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Figure 3.2: Elastic deflection of steel asperities.
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Figure 3.2 shows the asperity deflections for steel with a .0001 pound load applied. Here
it can be seen that for the asperities which are between .0001 and .010 inches, their elastic
deflections according to Midlin are quite small, on the order of 100(10®) inches. This
evaluation could be used to predict how much elastic deformation oceurs. If the

displacement exceeds the elastic deformation, plastic deformation and wear is likely.

C. Fretting Corrosion

In the cyclic slip characteristics described above, adhesion, abrasion, and asperity
deformation add to the mechanisms for fretting corrosion damage. Lispon [12] claims
fretting corrosion is caused by the tearing and subsequent oxidation of the surface as soon
as relative motion starts. In the fretting corrosion theory [31, 321, there are both
mechanical and chemical phenomenon which cause the wear. The chemical portion
occurs when a moving asperity produces tracks of clean metal surfaces which then
oxidize or absorb gasses. This process is repeated with each contacting asperity. The
mechanical portion of the process takes place when an asperity plows into the surface,
producing welding and shearing action which dislodges particles [12]. The difference
between fretting corrosion and wear is that, in fretting corrosion, the particles or surfaces

in contact react to the environment {12].

D. Other Parameters
While there have been few models developed that will serve to predict fretting wear and

corrosion, several parameters can be considered for their observed effects.

1. Sliding Amplitude
When the slip amplitude is less than 70 micrometers (.0028 inches), the surface wear is
called fretting oxidation. Slip amplitudes greater than that tend to involve both
mechanical and chemical wear mechanisms |51]. Amplitudes over 225 micrometers

(.009 inches) are considered to wear by purely mechanical means [12].

23



Ohmea and Tsukizoe [51] claim that at larger amplitudes, over 300 micrometers (.012
inches), surface wear becomes more consistent with reciprocating wear. Bill [52],
however. believes the transition from fretting wear to reciprocating sliding wear occurs at
slip amplitudes as low as 70 micrometers. Ohmea and Tsukizoe [51] found that in
experiments with the slip amplitude over 70 micrometers, the surfaces are found to be

extremely rough with areas of adhesion and grooves.

Some have shown experimentally that the wear rate of fretting corrosion and slip
amplitude have a relationship which is not always proportional [12]. Induction hardened
steels have been found to wear to a depth, based on slip amplitude, after 10 million cycles
by Nishioka and Kirakawa |53} as shown in Figure 3.3. Notice as the slip amplitude

increases, the wear depth increases as well, but not proportionally.

Figure 3.4 is fretting wear data for a .25% carbon steel. It shows the effect on wear
volume with changes in slip amplitude after 100,000 cycles and after 36 meters (120 feet)
of slip [51].
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Figure 3.3: Wear depth of hardened steel.
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Figure 3.4: Wear volume after cycles and distance.

The data shows that the fretting wear volume after 100,000 cycles is nearly proportional
to the amplitude, provided the amplitude is over 70 micrometers. Further, if the test is
stopped after a known total sliding distance, the amount of material removed is not

consistent unless the amplitude is over 300 micrometers [51].

Figure 3.5 shows Bill’s [52] work with mild steel and suggests the transition point into
frefting wear accurs at about 25 micrometers (.001 inches). It also demonstratcs the

nonlinear relationship of wear with amplitude.

The work of Nishioka and coworkers, Ohmae and coworkers, and Bill all show similar
results. Up to a critical value, the fretting wear rate is nonexistent. After that value, the

wear rate becomes nearly proportional with amplitude. Bill [52], suggests the critical

value is a function of the surfaces’ contact geometry,
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Figure 3.5: Wear volume versus amplitude.

Mason and White [54] developed a model which predicts when gross sliding occurs. It is
based on spherical surfaces, involving a high shear strength material paired with a low
shear strength material. The critical displacement, §,, which is the point up to which
gross shding does not occur, is defined by Equation (3.5).

2/3
(%N) (2=

5= &/r(1-v)

(3.5)

where
N = Normal Joad,
G = Shear elasticity of the softer material,
v = Poisson’s ratio of the softer material,
r = Radius of surfaces, and

L = Coefficient of friction.

20



Notice that the critical displacement is linear with the coefficient of friction and increases,
but not linearly, as the load increases. The coefficient of friction will be shown to be a
function of the surface contact geometry in Chapter 7. For two, one-inch steel spheres,

with a 100-pound load and coefficient of friction of .5, the total critical displacement is

.0001 inches.

2. Humidity
The environment can also affect a material’s ability to resist fretting wear and corrosion.
With highly pure iron, humidity has a significant impact. Humidity promotes the
formation of oxides, a key component in fretting wear and corrosion. Fretting peaks at
about 10% relative humidity. Once humidity levels are above 10%, the fretting wear
decreases. It then increases slightly as the humidity approaches 100% [52]. The engineer
needs to be aware of the surrounding environment. It is important to take humidity levels

into account, particularly as the lower, more damaging, levels typically prevail during the

winter months.

It the material being considered in the design is plastic, humidity should also be
considered, not because of corrosion, but because it can affect the size of the part [55].
This may change the stress levels in the part or allow relative movement, affecting the

possibility of fretting.

3. Temperature
The rate of oxidation and corrosion have also been shown to increase with temperature
[52]. When evaluated between —150 and +150 C, thc greatest surface damage was found
to occur at -150 C. Between 150 and 0 C, the amount of damage slowly decreases.

From 0 to 50 C, the amount of damage quickly decreases, and then it gradually increases

at temperatures above 70 C [12].

Some propose that the increased wear at lower temperatures in steel is related to the

ductile-brittle transition temperature. Others attribute it to the effectiveness of the
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lubricity from absorbed water. The actual cause has still not yet heen proven [56]. Just
as humidity affects some plastics, temperature can also change material properties. In
addition to changing size through thermal expansion, some materials also experience
variations in their elastic modulus and ultimate strength due to termperature. Size changes
through thermal expansion would have the same effect as the hunﬁdity changes in the
size of plastic. Higher temperatures also tend to decrease the Young’s modulus and

strength of material, and are therefore expected to decrease their wear resistance.

4. Cycle Frequency
One of the greater influences on oxidation, and therefore abrasion, fretting wear, and
corroston, is the cycle frequency. In mild steel, as the cycle rate increases from 0 to 30
hertz, the wear rate decreases. During the cycle, the oxide film thickness grows at a rate
proportional to the period, until the period becomes so short that the film is completely
worn away [57]. Therefore, at frequencies over 30 hertz, the oxides do not have time to

form, and do not seem to affect fretting wear at higher frequencies [52). There is
disagreement as to the frequency where this occurs, as Hoeppner and Gates [57] claim it

to be 1000 cpm, or 17 hertz. If the environmental conditions allow, the debris, as well as
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Figure 3.6: Chemical wear factor.
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the surface, can oxidize and provide the mechanism for fretting corrosion at lower

frequencies [57].

Lipson [12] provides relations between amount of wear and frequency in mild steel
similar to that shown in Figure 3.6. Note the exponcntial increase in wear as the
frequency decreases. At higher frequencies, Lispon claims the only wear mechanism that

occurs is plowing.

5. Surface Finish
In fretting, the surface roughness affects the coefficient of friction, which is related to
aspenity deformation discussed earlier. Surface roughness is also related to the material
hardness. Hoeppner and Gates [57] found that if the surface is rougher, minor
movements can be accommodated without damage after the surface has work hardened.
More importantly, a rough surface minimizes fretting wear by allowing the debris to
escape [58]. If, however, the temperature is high, the debris is allowed to quickly oxidize

and the benefit of roughness is reversed [57].

6. Debris
The debris material created in fretting wear may become an issue if it remains between
the two surfaces. When surface cracks intersect, particles are released. Plastic
deformation adds to the particles’ elongation and extrusion. These particles can be
trapped or crushed into smaller particles, just by the fretting action [49]. The oxide debris

produced during fretting corrosion is the same as those produced during unidirectional

sliding in the mild wear regime [59].

With the exception of the absorbed oxygen at its free surface and its internal areas of
disorder, the initial debris produced by fretting is of virgin material. Once debris from
other than virgin material is produced, the wear process may then be accelerated by work
hardening the particles and oxidized debris. These can then act as abrasive lapping

material. In order for abrasion, cutting, and scratching to take place, the particles
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involved should be twenty percent harder than the surface being abraded [60]. As the slip
amplitude decreases, so does the size of the debris particles [44]. Waterhouse [59] found
that if hard particles like alumina or boron carbide are intraduced to the friction interface,

adhesion increases.

The actions of the debris may be affected by the size of the two contacting surfaces.
Surfaces with large contact areas may have higher critical fretting wear amplitudes than
surfaces with a smaller contact area because larger areas do not permit easy rerﬁovai of
the debris [52]. As will be shown in Chapter 4, the size of the contact area may effect the

stick-slip area size, which in turn changes wear resistance.

7. Material
Evidence suggests that fretting wear is reduced by choosing materials with high hardness,

high energy, and a high capability of work hardening [47, 48, 61]. Harder alloys have

greater fatigue resistance because they are less susceptible to abrasive wear [57].
Campbell [62] believes that a harder material producing a soft oxide will resist wear quite

well. A soft material, however, which produces a hard oxide particle will produce severe

wear.

The surface hardness of the material can play an important role in reducing fretting. It
can decrease the susceptibility to wear and crack initiation. Treatments which change the
surface hardness, include nitriding. carborizing, and induction hardening. Methods such
as drop forging, surface rolling and shot peening, can be beneficial as well, because they

introduce a compressive residual stress into the surface[57].

Not only is the material of each surface important, but the two materials interactin g with
together should be considered as well. Typically, adhesion between surfaces is
considerably higher if the two materials are similar or identical [59]. Mason and White
[62] found that similar materials with different hardness and surface finish characteristics

can make the best pair to resist fretting. Therefore, the selection of the most appropriate
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pair of materials can help alleviate fretting problems. The considerations for making such

a choice are generally empirical [57].

8. Cycles
For many materials there is a cycle threshold which is required for the start of steady stote
wear. This threshold is identified by microspalling pits, indicating the surface fatigue
mechanism is operative [52]. Hurricks [63] separates the fretting corrosion process into
three stages. In the first stage, adhesion begins and metal transfer occurs. Oxidized
debris is produced during the second stage. In the third stage, steady-state wear is

obtained.

The literature reveals two completely opposite observations regarding the early stages of
fretting wear. When two surfaces are destined to wear by fretting, Bill [52] claims the
initial wear is quite low. This may last one to ten thousand cycles, as indicated in Figure
3.7. In those early cycles, Bill suggests there is plastic deformation of the surfaces and

adhesion wear takes place.
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Figure 3.7: Fretting wear volume versus cycles.
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Micropitting and corrosive damage are seen once the surfaces are in the high wear rate
region. This region is also considered to be the onset of spalling [52]. The high wear
region is thought to be the result of stripping the original oxide layer and embedding that

material into the softer surface [42].

Waterhouse [59], however, says that the long-term effects of fretting are similar to mild
wear, while the early stages are more like severe wear. Early in life, the surfaces become
rough and there is significant macroscopic adhesion. It is in this period that fatigue
cracks are likely to be initiated. In the later stages of its life, surfaces become smooth and

adhesion drops closer to zero. At this time, the surfaces also start becoming separated by

debrs.

Bethune and Waterhouse[64] found that, in carbon steels, adhesion increases rapidly early
in life and peaks at five thousand cycles. Adhesion then falls to about zero at around fifty
thousand cycles. It is suggested that fatigue separation is responsible for the majority of
the damage in the steady-state stage of fretting wear. Based on this information, the
effect of cycles cannot be generalized. Their effect can be significantly different and need

to be determined for each situation.

9. Load
Many references report that fretting wear increases proportionally, or nearly
proportionally, to load [52]. Archard [65] tried to explain the nonproportional effect of
load by suggesting the existence of a protective layer and a smooth surface that produces
mild wear. At low speeds, low loads, and cool temperaturcs, the conditions are right for
this protective film of oxides to be established on the surface. At higher loads, the

surface is broken, after which the wear rate becomes more proportional.

E. Testing

The purpose of testing is to gain an understanding of the effects of changing variables.

With respect to fretting, these variables include surface finish, treatments, and coatings,
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shot peening, and base materials. Controlled test parameters to the application include
pressure, sliding amplitude, frequency, and residual stresses. Some of the most difficult

quantities to determine and reproduce in testing are the sliding amplitude and loading in

the joint [66].

The most common fretting test is with a flat on flat specimen or a cylinder on a flat
specimen. Because the coefficient of friction is an important quantity in the evaluation, a
strain gage is often used to measure the tangential loads. The advantage of usiﬁg a
cylinder on a flat in testing is that the stress distribution can be calculated for the initial
condition. Once wear occurs, however, these calculations are no fonger valid [66].
During the test, the nature of the fretted surface is usually identified by a roughness

measurement and weight loss [57]. Increasing the cycle rate can accelerate the test. This,

however, can introduce effects of temperature rise and chemical reactions[66].

F. Reducing Fretting

Obviously, eliminating slip can prevent fretting. Coatings on the interface or lubricated
surfaces can also be used. Campbell [62], however, claims there is not a liquid lubricant
which can entirely prevent true fretting. For press fit assemblies, residual compressive
stresses on the surface have been found to be most effective [12]. Shot peening is also
used. It improves the surface finish, increases the hardness, and produces residual
compressive stresses on the surface, all of which improve fretting resistance. Debris
removal techniques and improved environmental protection also reduce fretting. Some
believe that excluding the atmosphere reduces fretting as well. The ultimate solution is to

remove the fretting surfaces from the design [67].

G. Summary

The difference between fretting wear and corrosion is the effect of the environment. Both

can oceur 4t low amplitude stiding. With fretting wear there is adhesion and abrasion of

the surfaces. Fretting corrosion adds the oxidation of the surface. At sliding amplitudes
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of less than about 70 micrometers, fretting oxidation occurs. At amplitudes up to about

225 micrometers, both fretting wear and corrosion can occur.

Fretting corrosion is at its greatest at 10% relative humidity and lower temperatures. The

cycle rate for fretting corrosion needs to be less than 30 hertz as woll.

Debris plays a complex role in fretting wear and corrosion, along with material and the
combinations of materials. Fretting wear and corrosion change with time, and are
sitzation dependent. The fretting wear rate has been found to be nearly proportional to

the load.
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V. Fretting Fatigue

Fretting fatigue can occur when there is both cyclic friction stresses of the surface and
cyclic stress due to external loading. This combination results in the initiation and
propagation of fatigue cracks. These cracks can either cause a particle to separate from
the surface, resulting in surface deterioration, or combine with the internal cyclic stress to

grow and cause fracture. The reduction in the fatigue life of the part is indicated in

Figure 4.1.
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Figure 4.1: Effect of fretting on fatigue stress.

Waterhouse [68] explains the reduction of the horizontal lincs is a result of crack
initiation and the shift to the left is from an increase in the crack propagation. Endo and
Goto [17] found that failure from fretting fatigue is most likely to occur after ten million
cycles [69]. When a fatigue failure is a result of fretting fatigue, there are usually scars in
the sliding direction at some of the surface asperities [70]. Later, it will be shown that for

a given stress level, the reduction in fatigue life can be estimated.
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The surface damage produced from fretting fatigue includes pits, third body oxides and
debris, scratches or wear tracks, and metal transfer. This damage involves surface
plasticity. fretting craters, subsurface cracks, and cracks of different geometry at various

angles to the surface, including parallel to the surface [71].

A. History

Midlin [50] developed an early model of the effect of tangential loading on stresses in

1948. While it is in agreement with the observations of brittle materials and metals under

plastic conditions, it was restricted to bulk dimensions and elastic contact. It did not

consider plastic deformation either in asperities or the bulk material {49].

Stepanov [72] and Filimonov [73] recommended using a method of drawing fretting
fatigue Wohler curves. Their calculations, however, did not correlate well with
experimental data. Stress models of the fretting fatigue process by Waterhouse, [74]
were more effective, as they delermined that the initiation of the crack is controlled by
the stress conditions existing within the area of contact. Inputs to their models include
coefficients of friction, contact pressure, and the slip amplitude. Sato [75] used the
concept of equivalent stress of Tresca. His results were in good agreement with
experimental data. It is suggested by Dobromirski [76] that there are as many as 26

variables which can effect fretting fatigue.

B. Crack Nucleation and Growth

One of the criteria for fretting fatigue is the initiation of a crack. Fatigue cracks, often
more than one, are thought to initiate at about the same time the surfaces obtain
maximum adhesion [59]. There is disagreement, however, regarding where the cracks
initiate. Hoeppner and Gates [57] claim they usually begin at the base of pits. Nishioka
and coworkers [77], however, found that most cracks initiate without relationship to the

pits on the surface. This suggests that there is no relationship between the pits and the

initiation of cracks under fretting fatigue [77].
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Waterhouse [59] suggests that fatigue crack initiation is related to the appearance of a slip
region. The slip region is a result of the decrease in adhesion, and can be caused by loose
debris between the surfaces. This is very difficult to model and predict. Vingsho and
Soderberg [49] agree, suggesting that it is a mix of slip and partial slip at the contact
surface that promotes crack nucleation. Either way, once the cracks initiate, they may
become connected until they are several millimeters long in the direction perpendicular to

the sliding direction.

Once a crack grows sufficiently far from the surface, it can continue to grow
perpendicular to the surface until the maximum tensile stress is reached and failure
occurs [57]. It has been found, however, that once the crack has grown to a certain depth,
the frictional stresses on the surface no longer affect the crack growth. Only the repeated
bulk stresses have an effect. Therefore, there is the possibility that the crack may become

nonpropagating [69].

This is illustrated in Figure 4.2. Note that the results are two straight lines describing the

growth rate [69].
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Figure 4.2: Change in crack growth.
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Nishioka and Hirakawa [78] have graphed the relationships between fretting fatigue,

alternating stress, and slip amplitude as depicted in Figure 4.3.
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Figure 4.3: Regions of crack growth.

They found that cracks and failures form in five distinct regions in the graph. In the first
region, that of low slip amplitudes and stresses. fretting wear and small pits oceur, but no
cracks are found. Region two, with higher stresses than region one, has small cracks and
pits. The cracks in the second region do not grow large enough to cause fracture, due to
the slip amplitude. In the third region, the alternating stress and slip are large enough that
minute cracks form, one of which results in the complete fracture of the part.
Applications in the fourth region fail similarly to those of region three, except that only
one crack forms, causing the failure. The fifth region has a surface appearance similar to
that of region one. No cracks are found in the fifth region. The wear produced by
fretting in this region is considerable, however. The boundary between regions one and
five is not as evident as the others, but is identified where the fretting wear becomes

significant. As the wear resistance of materials increases, region five shifis to the left.
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According to Nisshioka and Hirakawa [78], the critical stress necessary to initiate a
fretting crack in region five exists, but does not cause failure. This is due to the fact that,
while cracks may initiate in this region, their depth is of the same order as the maximum
wear, 10 to 40 micrometers (.0004 to .0016 inches). Therefore, as the slip amplitude
increases, the stress required to nucleate and grow cracks which are not worn away,
increases. The discrepancy between theoretical and experimental results involving

fretting fatigue is considered to be due to the wearing away of the surface cracks [53].

Nishioka and Hirakawa [77] have also developed a theoretical relationship for the angle
between the normal of the contact face and the maximum principle stress, 8, as Equation

(4.1).

2 (x/a)—(0, /2up,) “.1)

_ 2
SRR B L YT }

where
x = Tangential position,
a = Contact radius,
G, = Alternating bending stress amplitude,
K = Coefficient of friction, and

Po = Maximum contact pressure.

The angle to the maximum stress is shown in Figure 4.4. Note that at the edge of the
contact surface, x = I a, the crack direction is perpendicular to the surface. At locations
closer to the center of the contact area, the angle of the crack is likely to be more than 25°
from the normal to the surface. Figure 4.4 also shows the relative effect of the coefficient

of friction on the crack angle, with higher coefficients decreasing the angle of the crack to

the surface.

Waterhouse [59, 68], however, disagrees, claiming that the nucleation of fatigue cracks is
at 45° to the surface in stage 1, as indicated in Figurc 4.5, and is at the edge of the stick-

slip region as discussed earlier.
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The length of the stage 1 crack depends on the environment and stress levels. The crack
will become longer if it is in a corrosive environment with low alternating stresses. The
surface near the crack will also have a pronounced lip on one fracture surface and a chip
onthe other as a result of the fretting action. Stage 2 of the crack growth is controlled by
the stresses at the crack tip, and thercfore grows perpendicular to the surface and normal

to the principal stress [68].

Nishioka and Hirakawa also propose a stress concentration factor, K,, in evaluating crack
nucleation in Equation (4.2). It1s a relationship of the ratio of alternating normal stress to

alternating bending stress [77].

4.2)

o))

O; = Alternating normal stress,

where

O, = Alternating bending stress amplitude,
K = Coefficient of friction,

x = Tangential position,

a = Contact radius, and

P =Load.

The result is 2 maximum K, at the edge of contact and is equal to 2P/mac,-1, if the
coefficient of friction is .5. Nishioka and Hirakawa have shown K, to be as high as eight.
From this, it seems that the nucleation of fretting cracks at low alternating stresses might
be due to the high stress concentrations at the surface. Even if these cracks initiate on the
surface, they quickly grow into a region of lower stresses. This, the retardation of crack
propagation, is the most significant difference between fretting fatigue and normal fatigue

[77].
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One approach to predicting the initiation of a crack is metallurgical in nature. Mecl ean
[79] suggests the minimum stress, G, to produce sliding at the grain boundary is as in

Fquation (4.3).

nd

112
o, = {lm } : (4.3)

where
G = Shear modulus of the material,
d = Average grain diameter, and

Y = Surface energy.

For steel on steel in sliding and rolling contact and an ASTM grain size of 5, the resulting

minimum stress is about 127 MPa, This, he predicts will result in a crack [80].

There arc many theories and observations of the initiation and growth of cracks. Those
presented here should give an appreciation for the mechanisms and their effect on the

surface wear.

C. Stress

Crack growth and propagation is dependent on the stress levels in the part. In fretting
fatigue, the tangential stress combines with the contact pressure to produce the crack
damage. Newell and Hills [81] developed the stress relationship for a cylinder on a flat
plate. ‘The pressure distribution, p(x}, derived from the Hertz equation for a cylinder on a

plate made of the same material, is as shown in Equation (4.4).

S 12
X
p(x) = Po{l“(:{) } (4.4)

Po = Maximum pressure,

where

x = Tangential position, and
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a = half of contact diameter.

The maximum pressure, pg, is given in Equation (4.5),

where

PE 112
ro= et “s)

P = Normal force,
E = Young’s modulus,
v = Poisson’s ratio, and

R = Radius.

Newell and Hills then used the Hertzian stress to create the tangential load, q(x), in

Equations (4.6) and (4.7) where the bulk strain in one member produces an effective

displacement, e, in the stick zone [81].

where

2 42
q(x)=—fp0{}—(§-)} +q(x) I|xl<a (4.6)

QPx)=0 |x-¢e=2c |x<a

. cfp, x—e V]
Q) =—"{1- — x—¢l<c (4.7)

This solution is valid if Equation (4.8) is satisfied.

where

12
o Q
I 4] 1= 4.8
fp, { [ fp]} @8

Q = Tangential force,
¢ = Radius for change from stick 10 slip contact,

p = Normal load,
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f = Coefficient of friction,

Po = Maximum pressure,

x = Tangential surface position,
a = Contact radius, and

¢ = Displacement change in stick zone due to bulk strain in one member.

T ax/e

Figure 4.6: Newell and Hills stress distribution.

The plot of this model in igure 4.6 shows that as the coefficient of friction increases, so
do the tangential traction to normal pressure ratios. Those ratios are also larger for the
lagging contact positions than the leading positions. They are at their peak at the edge of

the stick slip region and decline faster when moving through the stick zone.

In the case of splined couplings, this model may not properly represent the application.

Because the surrounding members of the gear teeth are significantly rigid, the tangential



force on the teeth surfaces is sufficient to ensure sliding if the sliding amplitude is large
enough. If so, the radius defining the stick-slip region is zero, and the tangential tractions

become the normal force multiplied by the coefficient of friction.

Szolwinski, et al., [82] has proposed a less complex model to determine the tangential
stress which accounts for the bulk stress in the material. His results are comparable to
those obtained using a finite element analysis. He determined the peak tangential stress

at the trailing edge of contact, o, as given in Equation (4.9).

c= 2p01/~H§+00 (4.9)

G = Maximum stress,

where

po = Maximum Hertzian contact pressure,

I = Coefficient of friction,

Q = Tangential force,
P = Normal force, and

Oo = Applied bulk stress.

Again, in the case of coaxial splined couplings, the tangential force is so large that sliding
must take place on the teeth. Therefore, the applied tangential force is the product of the

normal force and coefficient of friction. This model then reduces o Equation (4.10).

C = 2p U + G, (4.10)

Nishioka and Hirakawa [53] propose a model that predicts the alternating stress

amplitude to initiate fatigue cracks as a function of the slip amplitude as Equation (4.11).

S
cyfwl = Gwl —'zupg[l—exp[-EJ] {4li)
where

Orw1 = Alternating stress amplitude,
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Owi = Fatigue strength of the material,
K = Coefficient of friction,

po = Hertzian pressure,

S = Slip amplitude, and

k = Constant.

The decrease in the fatigue strength of the material is predicted to be linear with the
coefficient of friction and an exponential function of the slip amplitude. All three of
these methods that determine stress reduction result in the adjustment in the Goodman

diagram as shown in Figure 4.1.

D. Stick-Slip Area

In fretting fatigue, the area where slip occurs is considered the location of crack initiation
and growth. Nakazawa and coworkers [83] found that fretting fatigue life reaches a
maximum when the contact pressure is low. The minimum life, however, is obtained at
medium pressure, not at high pressure. This, they thought, is due to the slip area and
stress concentrations in the fretted area. Figure 4.7 schematically shows this effect

during fretting fatigue. On the outside of the contact region there is a slip region, and in
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Figure 4.7: Fretting damage.
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the middle, a stick region. The major cracks, which are responsible for failures, initiate at

the boundary of the stick and slip region [83].

Naturally, if the pressure is high, the stick region is large and the formation of cracks is
closer to the edge of contact. At lower pressures, however, the stick region is small, and
cracks initiate near the middle of the contact area. This produces a minimum fretting

fatigue life [83].
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Figure 4.8: Fatigue life versus contact pressure.

Nakazawa and coworkers [83] found this reduction in life at medium pressure as shown
in Figure 4.8. It is probably caused by a high concentration of frictional stress at the
stick-slip boundry. Elsewhere in the figure, the contact pressure is proposed to be evenly

distributed over the fretting area.

Nishioka and Hirakawa [53] suggest the use of the tangential force coefficient, which is a
function of the contact pressure, tangential force, and coefficient of friction, to determine
the size of the adhesive area. The relationship between the adhesion region. (b/a), and the

tangential force coefficient, ¢, is calculated in Equation (4.12).
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b
-;:,/1—(T/up) =1-¢ (4.12)

where
¢ = Tangential force coefficient,
a = Contact region,
b = Adhesive region,
T = Tangential force,
i = Coefficient of friction, and

P = Contact Force.
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Figure 4.9: Adhesive region as a function of force coefficient.

This relationship is useful in relating the coefficient of friction to the size of the stick-slip

region.
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Note that on the left side of the graph in Figure 4.9, the coefficient of friction, the inverse
of ¢, increases along with the region of adhesion. In the case of splined couplings, a high
tangential force usually ensures the tangential movement of the surfaces, and is the
product of the contact pressure and coefficient of friction. Therefore, ¢ approaches unity.
As indicated in the graph, the adhesion region disappears at that pdim. For low
amplitude sliding, the slip area may be of interest, but for larger amplitudes, such as
coaxial splines, the stick region disappears as well as its contribution to crack initiation

and growth.

E. Damage Threshold Theory

Both Waterhouse and Hoeppner [67] proposed a fretting fatigue threshold that can be
used to prevent and control fretting fatigue. It simply states that once damage occurs, if
the fretting fatigue were eliminated, the fatigue damage would stop. The idea of a
fretting fatigue threshold in fretting fatigue has existed since the early 1970’s. As of
1992, however, insufficient studies regarding how it impacts fretting fatigue have been
made [84].

Wharton [85] defines the fretting fatigue threshold limit as the number of cycles required
to initiate a crack. Hoeppner [84], however, defines it as the point where premature

failure will not occur if the fretting fatigue is eliminated.

It has been theorized that under certain conditions, fretting fatigue can produce mode 1,
I, or Il cracks. After the cracks are produced, however, the fretting has no further effect
on the fatigue life. The growth of the crack becomes the determining factor with respect

to the part’s life [67]. Endo and Goto {69] claim that fretting fatigue damage has an

effect only in the first 20 to 25% of thc component’s life.

Iloeppner [84], found that for 7075-T6 aluminum, the normal pressure and damage
threshold have an inverse relationship in that, as the pressure increases, the damage
threshold decreases. It is suggested that this only occurs up to a certain pressure, after

which the contact is mixed stick-slip [84]. It is also believed that there exists a critical
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frictional stress which, when reached, causes the fretting damage to reach its threshold

more quickly [86].

An increase in the maximum fatigue stress of the material may result in a decrease in the
number of cycles to failure due to the fact that the fretting damage may reach the
threshold limit much faster with this material. Because the stress concentrations in the
stronger matcrial may increase, the fretling damage can reach its threshold faster and

initiate a crack [84].

F. Crack Initiation Criteria

Ruiz et al. [87] suggests that the likelihood of a crack initiating within a given number of
cycles is a related to the product of three parameters: the maximum shear traction, T, the
slip amplitude at that same position, §, and the bulk stress at the surface, 6. This theory

seems to be consistent with experimental results, suggesting that it could be used to

design components that resist fretting fatigue.

There are two possible ways to reduce the likelihood of fretting fatigue. One is to reduce
the slip amplitude. If there is partial slip, reducing the coefficient of friction will increase
the slip amplitude and decrease the traction force. This action should be carefully
considered, however. As stated in this theory, it is the product of the slip amplitude and
traction force which governs crack nucleation, The second method of fretting fatigue
reduction is decreasing the bulk stress to prevent the cracks from growing. This thcory
suggests a proportional relationship between these stresses and the formation of a crack

in a certain number of cycles [87].

G. Other Parameters
1. Surface Finish
Just as in fretting wear and corrosion, the surface finish can impact the resistance to

fretting fatigue. It is responsible for the coefficient of friction, which in turn affects the
tangential force and the ability to nucleate cracks. Scars from true fretting fatigue are

generally rough but may be compacted and form a glaze on steel. The scars on steel are
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reddish-brown and on aluminum they are black [70]. Small pits, which are 10 to 30
micrometers (.0004 to .0012 inches) in diameter, are found on fretted surfaces, as well as

pits as large as 100 to 400 micrometers (.004 to .016 inches) [77].

Hoeppner suggests that. if lubricated, a surface with a finish greater than 63 microinches
is better. However, if dry, a finish of 16 to 63 microinches should be avoided [67).
Cadmium, a soft metal, can be applied to the surface when the slip amplitude is small.
The plating will shear with the movement, preventing the sliding motion which causes
wear. Chromium, a hard plating, can also be applied to reduce fretting fatigue. It resists

abrasion, thereby prohibiting the welding of the two surfaces together [57].

2. Coefficient Of Friction
The magnitude of, and transient changes in, the cocfficient of friction are important in
evaluating fretting. Lindley and Nix [88] believe that the coefficient of friction is more
important than the sliding amplitude. While this can be debated, its magnitude is
certainly important as it establishes the relationship between the contacting and tangential

forces.
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Figure 4.10: Initial coefficients of friction.
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In the evaluation of fretting fatigue, several researchers have found the coefficient of

friction between two surfaces to change with cycles or time, similar to Figure 4.10 [69].

As the load of cycle rate changes, so does the transient response. Additionally, it was
found that if the test was stopped, and the faces inspected, the cocfficient of friction

changed as well as shown in Figure 4.11.
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Figure 4.11: Effect of stopping tests on coefficient of friction.

The change in the coefficient of friction shown in Figure 4.11 is further demonstrated in
observations of components with larger slip amplitudes that have an accumulation of
oxide debris between the surfaces. With time, the oxide debris is removed from the

surface and the tangential force increases quickly, just as demonstrated in Figure 4.11
[69].

During the initial stages of testing, when observations of crack size and growth are made,
the changes in the coefficient of friction should be understood and accounted for in the

evaluation.
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The coefficient of friction can also affect where plastic deformation and damage occur.
O’Connor [89] found that, for cylinders with a sufficiently large coefficient of friction,
yielding wouid occur at the surface. Hamilton and Goodman found that for coefficients
of friction of less than .3, yield occurs below the material surface. For larger coefficients

of friction, vielding occurs on the surface.

3. Slip Amplitude
Just as the area of slip is important to the initiation and growth of cracks, so is the
amplitude of the slip. Hills and Nowell [50] published relationships between slip
amplitude and fretting fatigue life and wear similar to those shown in Figure 4.12. Their
observations indicate that wear is not linear with slip amplitude. The fatigue life of the
surface reaches its minimum value at about 10 micrometers of slip (.0004 inches). It is

this point which diffcrentiatcs between partial slipping and sliding, where sliding occurs

over 10 micrometers.

This is conceptually consistent with the work of Nakazawa and coworkers [83] discussed

earlier, where changing the pressure produced similar results.
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Figure 4.12: Typical fretting fatigue life and wear data.
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Nishioka and Hirakawa [78] suggest that the fatigue strength can be reduced to about
20% of the original strength. The most significant reduction in strength occurs between
15 and 20 micrometers (.0006 to .0008 inches) of slip amplitude  Tf the amplitude is
reduced to be less than 5 micrometers (.0002 inches), they expect significant fatigue
strength improvement. Marsh [90]. on the other hand, believes that the most significant
decrease in fatigue strength has a wider slip amplitude range, 7 to 26 micrometers (.0003
to .0010 inches).

One key to reducing crack initiation is having knowledge of the slip amplitude. Johnson

[91] calculates the slip amplitude in two contacting spheres as Equation (4.13).
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where the pressure and radius of no slip are Equations (4.14) and (4.15) respectively.
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Figure 4.13: Slip amplitude of spheres.
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Where the slip amplitude in Figure 4.13 is given in Equation (4.16).

o 8G
== 4.16
=3 (n(z - v)upo] (10

and
o = Slip amplitude,
a = Sphere contact radius,
v = Poisson’s ratio,
W = Coefficient of friction,
Po = Maximum Hertzian pressure,
G = Shear modulus,
2’ = Radins of na slip, and

N = Normal force.

Note in Figure 4.13 that at the lagging position of contact, the left side, there is the
greatest relative slip amplitude; nearly 4 times of that elsewhere in the contact region.
When sliding occurs, the radius of the no-slip region becomes zero and the slip amplitude

becomes Equation (4.17).

o _m2-v)up,

4.17
a 8 G ( )

The slip amplitude is now linear with the radii of the sphere.
Another theory suggests that the slip amplitude of two surfaces in contact is better
predicted as a relationship to the forces imposed on them. Nishioka and Hirakawa [53]

derive a relationship between the slip amplitude, S, and the tangential force coefficient, o,

as shown in Equation {(4.18).

S = —klog (1~ ¢) = —kloge[i _(ff;ﬂ (4.18)
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where
k = Material and surface constant,
¢ = Tangential force coefficient,
T = Tangential force,
1L = Coefficient of friction, and

P = Contact Force.
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Figure 4.14: Tangential force coefficient and slip distance.

As shown in Figure 4.14, as the force coefficient, ¢, approaches zero, so does the slip

amplitude. In the case of splined couplings, the tangential force coefficient approaches 1,
predicting the slip amplitude to be quite large, as expected. This suggests that with larger
displacements, the most damaging zone of 7 to 26 micrometers may not be seen.

Because of its predicted effect, however, it should not be ignored.

4. Material

In fretting fatigue, the material has a significant effect, as discussed in the damage

threshold theory. Welding is more likely when the two materials in contact are identical
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[66]. Similar materials, unprotected stainless, aluminum, and titanium should all he

avoided [67].

In fretting fatigue, Hoeppner [67] claims the harder the material the better. Waterhouse
and Taylor [74]. however, observed that very hard surfaces, which do not produce
fretting wear, can still produce fretting fatigue due to the stress concentration between the
slip and non-slip regions. If this occurs, fretting fatigue can only be reduced by

increasing the amplitude of slip or reducing the coefficient of friction.

H. Reducing Fretting Fatigue

The elimination of fretting fatigue from a design is cmpirical and dependent on the
situation [57]. Methods include plating, material selection, shimming, reduction in the
cyclic stresses, and the introduction of residual stresses into the materials.

Crack initiation can be reduced by lowering the coefficient of friction, increasing the

fatigue strength of the material, or reducing the slip [53].

I, Summary

Fretting can reduce the fatigue strength of a material. Cracks from fretting fatigue can
cause pits, debris, or fatigue failure. The cracks arc most likely to be produced at the
peint of maximum adhesion. Once a crack grows into the material, it may become
nonpropagating. Nishioka and Hirakawa have developed regions of stress and slipping
distance which predict the evolution and result of cracks. Newell and Hills, along with
Szolwinski, developed separate models to predict the effective stress due to the tangential
forces. Nishioka and Hirakawa related the reduction in the fatigue strength to the slip
amplitude. It is claimed that slip amplitudes of 7 to 26 micrometers produces fatigue
strengths of 20% of the original strength. The concept of a damage threshold exists

which is related to a cycle and pressure threshold.
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V. Fretting Maps

As demonstrated in previous chapters, the various models that have been developed to
explain fretting are at times conflicting. With time, it is likely that scholars will come to
agreement regarding prediction models, and the phenomena will no longer be a mystery.
As with most phenomena, there is a somewhat common chain of events by which it can

proceed from an initial discovery to a widespread accepted practice or standard.

The development of plastics is a good example of this. Initially, the first plastic material
was just a discovery. It was then considered for use in applications and markets. In
attempts to find the limitations of the materials, more plastics were developed without
specific needs. Classifications were created for the different types. Standards were made
for their testing and to accommodate their special properties. Eventually, standard
plastics were identified for specific applications. And today there are hybrid-engineered

plastics with specific properties. Slowly plastics have moved from the realm of the

unknown to the engineered.

As for fretting, the discovery of the existence has been made, many theories developed,
and some classifications of the types of fretting have been identified. Now, the evolution
of a model to predict fretting has reached the point where standards are being considered
for the collection of information. There is a long way to go before the true impact of
design changes will be known. Some of the standards existing today for wear testing are:
ASTM G83-90, Wear Testing With Cross Cylinder Apparatus, ASTM G 99-90, Wear
Testing of Materials During Sliding With Pin-on-disk Apparatus; and ASTM G 98-91,
Galling Resistance of Materials [92].

With specific regard to fretting, a methodology which is in the infant stages on the way 1o
becoming a standard is the evaluation of fretting by fretting maps. Vingsbo and
Soderberg [irst published their idea of fretting maps in 1988 [49]. A fretting map is

simply a graph involving the relationship of two variables and the indication of the three
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regimes of fretting. It may also include the critical values where one regime changes to

another.

The three regimes are sticking, mixed stick-slip, and gross slip. The stick regime is
characterized by minimum surface damage by oxidation, limited wear, and no fatigue
cracks at up to one million cycles of life. The stick-slip regime has low wear and
oxidation cffects, bul there can be fretting fatigue. The last regime, gross slip, has severe

wear whose damage is assisted by oxidation. Crack formation is limited in the gross slip

region [49, 93].

The distinction of the three regimes is easily interpreted from the plot of tangential force
versus displacement during the cycle. If, as shown in Figure 5.1 (a), the hysteresis loop is
tight, the model is in the stick regime. If the hysteresis loop resembles that of Figure 5.1
(b), with a consistent tangential force limit, the regime is stick-slip. Figure 5.1 (¢) depicts

gross slip where the coefficient of friction changes from static to dynamic {49].

AT A A
d V1 d LY

(a) (b) ()

Figure 5.1: Tangential force versus displacement.

Figures 5.2 through 5.7 [49] reflect typical fretting map information. The last two also
provide information about the fatigue life. Generally, the movement from the stick
regime into the stick-slip regime is a gradual one. The movement into the gross slip

regime, however, is typically more sharply defined.
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In the stick-slip regime, there are high cyclic stresses at the boundary between the stick
and slip zones. This promotes contact fatigue and increases bulk fretting fatigue. The
transition from the stick regime can be as low as 1 micrometer (00004 inclies), and the

transition into the gross slip regime can be at slip amplitudes of 150 to 300 micrometers

(.006 to .012 inches) [49].

Vingsbo and Soderberg have evaluated the work of several others for the transition
amplitudes for different materials and applications. For example, a .33 weight percent
carbon steel was tested by Nishioka and Hirakawa [45]. The material, as a cylinder on a
flat, was subjected to 34 Newtons of force at 19 hertz. The transition points were 5
micrometers (.0002 inches) from the stick regime and 10 to 20 micrometers (.0004 to

.0008 inches) into the gross slip regime {49].

While the fretting maps proposed by Vingsbo and Soderberg help to set a standard for
evaluation, they might be improved to enhance usefulness. In the case of Figures 5.6 and

5.7, the ordinates remain identical while the abscissas change. While the displacement in
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Figure 5.8: Three dimensional map of fretting life.
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Figure 5.6 changed, the load must have been fixed, and visa versa for Figure 5.7. An
suggestion would be to create each map at various displacements and loads. Then
findings could be interpolated between them to form a three-dimensional map. This map
could then be used to evaluate any displacement and force combination. Examples of

such 3-D maps are shown in Figures 5.8 and 5.9.
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Figure 5.9: Three dimensional map of wear.

Clearly, fretting maps can he quite nseful in the standardization and evaluation of fretting
phenomena. Perhaps the identification of the critical transition points into the three

regimes will become the standard for classification of fretting resistance.
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VI Wear

When the slip amplitude is over 300 micrometers (.012 inches), the removal of material
from the mating surfaces is best analyzed using reciprocating wear models, Just as in the
evaluation of fretting, reciprocating wear is a complex phenomenon involving many
variables. Because of the number of parameters involved, there is not a single wear
model for all applications [94]. Scoring, a common surface conditions in gears, is the
result of higher speeds and loads, and is a severe form of adhesive wear. In 1953,
Archard developed an adhesion theory model, which is the most widely used and which

serves as a point of comparison for other theories [71].

A. Archard’s Adhesion Theory

Archard’s [95] adhesion theory relates the wear volume to sliding distance, normal loads,
and hardness. His premise is that wear is proportional to the load divided by the contact
area. This is true if the flow pressure of the material and the probability of a contact
producing a wear particle are constant. Therefore, the wear rate is not a function of

sliding speed.

Archard [95] begins his theory with a study of the contact area’s relationship to the load

as shown in Equation (6.1).
A = kP® (6.1)

where
P = Load,
k = Constant, and

n = Constant based on deformation type.

The value of k is a constant based on conditions, whereas n is a function of the type of

deformation and the nature of the contact resistance. The value of n must be less than 1,
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and is 4/5 for elastic contact with multiple areas of contact. For just a single area of

contact, n drops to 2/3.

Bowden and Tabor [60] also predict the number and size of contacts made between two

steel plates as presented in the Figure 6.1. The rcsulting n from this analysis is about .75,
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Figure 6.1: Flat plate contacts versus load.

Notice that the contact area is not proportional to the load. Therefore the wear rate needs

to be related to both the load and area.

Archard’s wear theory is based on four assumptions: (1) Asperities are only on one
surface and are spherical with equal radii. They also have an even depth distribution. (2)
Once the sliding distance moves from zero, the contact area reduces and moves towards
zero as the sliding distance approaches the contact width. Therefore only the initial area
of contact 1s included in the evaluation. (3) The depth to which material is worn away is

constant. (4) Even with different materials under different conditions, the probability of

wear remains constant.
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Archard’s prediction of wear rate, W, is presented in Equation (6.2) [05]:

e

(6.2)

where
K = Probability factor for the combination of materials over a range of
conditions,
E = [M/(1+q)le,
M = Number of asperities per unit of depth,
g =.3, layer removal,
= 1.0, lump removal,
e = SR"?B, layer removal,
= Ry, lump removal,
B, y= Constants,
R = Asperity radii of curvature,
P = Load,
p = 1, plastic deformation, and

= 3/2, elastic deformation,

If hemispherical wear particles having the same contact area and radins were assumed,
the wear rate reduces to Equation (6.3).

Kp

i (6.3)

where
K = Constant and

a = Radius of contact area.

Here the wear rate becomes a simple function of the pressure and contact area.
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In 1956, Archard [96] revised his wear model so that it could incorporate the material

hardness. He proposed a nondimensional wear coefficient, k, as given in Equation (6.4).

where

P = Indentation hardness of the softer material,

V = Volume of material lost,

_ 3PV
T LX

L = Load. and

X = Total sliding distance.

(6.4)

The resulting wear coefficients for various materials and conditions have been found as

listed in Table 6.1.

Author Material Frequency | Amplitude Wear
(Hz) {(m) Coefficient,
k (x107)
Feng-Rightmire [42] Mild steel 1.3 45 110
SAE 1018
Feng-Uhlig [97] Mild Steel 1-50 10-227 115-.125
SAE 1018
Charney [98] Silver 10 12-200 .007-.18
Halliday-Hirst [33] Mild Steel 50-200 20-300 .1-.00004
McDowell [99] Hardened Steel 20 20-130 500
SAE 4340
Uhlig {50] Mild steel 1-50 10-227 098-.17
SAE 1018

Table 6.1: Wear coefficients.

Stowers and Rabinowicz [27) then proposed the mode! in Equation (6.5) relating the

coetficient of friction, f, to Archard’s wear coefficient, k.




k = Kf" (6.5)

Stowers and Rabinowicz found the constant K to be based on material combinations and
to be typically about .0005 [27]. Additionally, the value for n has been found to be about

4. The wear coefficient, k, versus friction coefficient, f, would then look like Figure 6.2
[100, 101]:
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Figure 6.2: Wear coefficient versus coefficient of friction.

This constant K is considered to be a modified Archard’s wear coefficient, which can be

calculated by Equation (6.6) [27].

3PV
T LXE”

(6.6)

The wear rate in volume per unit of sliding distance can now be written as shown in
Equation (6.7).

X_K 6.7
X~ "3 ©7
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Various publications suggest that the wear coefficient, k, changes with slip amplitude. In
support of Archard’s adhesion theory, Stowers and Rabinowicz [27] have found this is

not true for amplitudes as small as 10 micrometers.

B. Simplified Wear Models

There are many forms of engineering equations describing wear, such as Equations (6.8)
[94].

W =KILS (6.8)
W = KL(S-5; )+ S; (break-in)

W= KLmEl SnSl

Wa = KLII'IEE

h=KFPV

W=KL™'N (rolling)

where
W = Wear,
W’ = Wear rate,
h = Wear depth,
S = Sliding distance,
L = Load, and
K = Wear Coefficient.

Archard, using his adhesion concepts, created the early sliding wear relationship, W=KL.
While this works well in some systems, some claim that the volume of wear is nonlinear
with the load, giving rise to a model with load to the power m. The value of m typically
ranges from 2 to 3 but has been reported to be over 5 at times. The larger the value of m,
the greater the association with a fatigue or stress-dependent mechanism. The addition of
sliding distance to the power n accounts for contact area changes such as those that exist

when going from a sphere to a flat [94].
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The method using the height of wear, h=KPV, is related to plastics and the PV limit. The
PV limit is the transition from mild to severe wear. It assumes that the area of contact

remains constant. For non-lubricated systems, particularly plastics, a sliding temperature

criteria usually dictates the PV limit [94].

For abrasive wear, the wear is evaluated as the product of load, distance, and a constant.
The constant, K, is proportional to the hardness, H, to the m power. If the abrasive and
the abraded material are the same hardness, m is —10. If the abrasive is harder, m is —1.

If it is softer, m is -5 [94].

There exists a zero wear model, which allows the magnitude of the wear depth to reach
half the roughness of the courser of the two surfaces. This model has two approaches,
one using constant energy and the other, variable cncrgy. The identification of the
correct model to use is typically empirical. The constant energy model in Equation (6.9),
however, is charactcristic of nonlubricated systems which have significant abrasive wear.
dQ = CdN (6.9)

where

Q = Cross sectional area of the wear scar,

C = Empirically determined wear coefficient, and

N = Number of passes.

C. Severe Wear
In miid wear, there is the relatively slow removal of material from the tops of the highest
asperities. The lower material on the surface does not distort significantly. An oxide

layer builds on the sliding surfaces. The debris contains oxidized particles as well [102].

Archard [59] identifies mild wear as when the surfaces remain smooth and are usually
protected by a surface oxide layer. This usually occurs at low speed, load and
temperature. All of these conditions allow for the oxide layer to be developed. When
severe wear occurs, the wear rate increases by as much as two orders of magnitude over

mild wear. Severe wear occurs between two transition loads as shown in Figure 6.3. The
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maximum particle sizes suddenly increase and become metallic at the transition load
[102].
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Figure 6.3: Severe wear.

Severe wear can be affected by the hardness of the material. In the case of steel,

increasing hardness raises T1 and lowers T2 and T3. There is a hardness level where T'1

and T2 merge and severe wear is climinated [102].

The wear ratc in scvere wear is lincar with time, sliding disiance and load. Mild wear,

however, has two distinct linear functions of time or distance, as shown in Figure 6.4
[102].

The appearance of the wear surfaces and their debris can be an indicator of the type of
wear that is taking place. In the early stages of mild wear, the wear tracks, as well as the
metallic debris, are bright. After some time, the tracks and the debris become dark due to
oxidation. It is the production of oxides that cause mild wear to occur. Mild wear is also
dependent on the production of hard transformation products that reduce surface damage.

These help the oxide layer to stay intact [102].
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Figure 6.4: Mild and severe wear volume.

Sometimes gears are run-in before large loads are imposed in order to build the oxide
film up to a sufficient thickness. The layer beneath the oxide film must, however, be of
sufficient strength. Otherwise it will deform and allow gross material removal. Severe

wear can only occur if the oxide film is removed and the core material is sufficiently soft
[102].

Although not characterized as severe wear, another form of gross material rermoval is
plowing. Plowing, abrasion scoring or scratching, occurs when a.very hard, rough
surface-contacts a softer one. The asperities on the hard surface:wear the softer one [18].
Another type of plowing is when sharp hard particles are caught in the surface. They
temporarily embed into the softer surface, producing wear on the harder one. The

particles that provide plowing wear must be greater than 20 micrometers [18].

D. The Delamination Theory

Suh [103] is critical of Archard, claiming that he completely ignores the physical
metallurgy and physics of the metal deformation. Suh contends that in Archard’s
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mathematical derivation, the assumptions are arbitrary and unreasonable and that the

theory does not provide any insight into the wear of metals in different conditions.

Suh [103] proposes the delamination theory for predicting wear as opposed to Archard’s
adhesion theory. It is hased on how the dislocations at the surface behave, as well as sub-
surface cracks, voids, joining of cracks, and the shear deformation of the surface. It

predicts that the surface undergoes large plastic deformation, producing flat thin sheets.

1. Voids and Particles
In the delamination theory, void formation is one of the most important mechanisms.
Voids are created by the formation of cracks around hard particles. In most cominon
grade metals, hard particles such as oxides, borides, carbides and nitrides are common.
When the hard particles are at low fractions, the formatious of major voids are as if there
were no hard particles at all. If the shear deformation is smail, many cracks must form
before a particle becomes loose. And, unless there is sufficient shear deformation in a
givén direction, wear particles may not form unless additional cracks are created. Suh
[103] says this might explain why fretting wear decreases with decreasing displacement
amplitude once the displacement is below a critical value. This critical amplitude can be

found by observing the spacing of the holes and cracks.

The particles that are formed start out as sheets. With ductile material, they can either
remain unchanged or roll into a larger particle. Metals like zinc, lead, and cadmium form
larger particles than those produced by less ductile steels, because they also produce

thicker sheets to begin with.

2. Material
The wear of a soft metal against a harder one, such as copper against steel, is also
explained by the delamination theory. The overall contact stress may be less than the
bulk stress for the harder material, but the stress at the asperities may be large enough to
produce local dislocations. As these dislocations accumulate at the hard particles, a crack

forms in the harder material. The nucleation rate of the crack is slow, because the
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cohesive strength and friction stresses are both high and the plastic shear deformations
are quite small at the surface. Therefore, before the particle can become loose, many

cracks must form. This explains why a hard material has a much lower wear rate than a

soft material [103].

In copper, the cracks grow more perpendicular to the surface than in steel, as the majority
of the voids, or cracks, created are around the hard particles. The voids eventually
elongate by large shear deformations, and then join to form a wear sheet. The thickness
of this sheet for steel is between 2 and 5 micrometers. The steel particles produced are
between 1 and 2 micrometers, whereas bronze particles are about 5 micrometers. Close

examination of the particles show that the majority of thcm are actually thin sheets [103].

For a 3 percent silicon iron matcrial with low dislocation density, the surface layer is
about 1/10 of a micrometer thick. That same layer is about 10 to 20 micrometers thick
for anncaled purc copper. In general, the layer is thicker for [ace-center cubic materials
then body-center cubic materials. This is because in face-center cubic materials, the
friction stresses are higher. Some hexagonal close-packed materials like cadmium, zinc,
and magnesium are expected to form thin sheets because their ¢/a ratio (the unit cell
height divided by the hexagon’s side dimension) is large compared to other hexagonal

close-packed materials such as titanium and beryllium [103].

3. Shear Deformation Requirement
Rabinowicz [48] could not find wear particles when sliding gold against gold with a
normal load of less than 5 grams. He explained this in terms of the surface energy.
Hauser {104] found that because there was no gross plastic deformation on the surface,
nickel, cobolt, chromium, 52100 steel, and tungsten produced no wear when slid against
graphite-fiber-reinforced epoxy. Metals such as zinc, copper, and 316 stainless steel all
have substantial plastic deformation and show wear. This indicates that plastic shear

deformation is required to produce appreciable wear.
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4. Wear Prediction
Suh [103] used the previous observations and some assumptions for his wear prediction.
The first assumption is that metals wear layer by layer. The number of sheets per layer is
assumed to be proportional to the average number of asperities in contact. Lastly, the
void and crack nucleation rate as well as the shear deformation is expressed in the critical

sliding distance. Equations (6.10) and (6.11) best describe the delamination theory of

wear,
W =xLS (6.10)
L KiG, + k.G, (6.11)
4n| 6,8y (1=v)) 6,5, (1-Vv,) )
where
W = Wear rate,
L = Load,

S = Sliding distance,

b = Burgers vector,

K, = Surface topology constants,
G = Shear modulus,

G5 = Friction stress,

Sor = Critical sliding distance, and

vi = Poisson’s ratio.

This equation is quite similar to Archard’s equation for wear, except it does not directly

depend on hardness. It does, however, elaborate on the constant x, which includes

material properties and surface finish.

One conclusion of the delamination theory is that when the slip amplitude is less than a

critical value, the wear coefficient is a function of the amplitude [103].
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The delamination theory explains many wear phenomena that are experimentally
observed. It suggests that adhesive, fretting and fatigue wear are produced by the same
mechanisms. If the shear deformation of the surface layer is prevented, the wear rate is

significantly reduced. Finally, the inclusion of excessively hard particles in metals can

accelerate the wear [103].

E. Coefficient of Friction Model

In many of the theories presented, the coefficient of friction is an integral part of the wear
model. Contrary to the adhesion theory of friction, this newer theory, the genesis of
friction, by Suh and Sin [105], suggests that the coefficient of friction and its force
change with sliding distance and environment. There arc threc components that cause the
coefficient of friction to change; deformation of asperities, plowing of wear particles and
hard asperitics, and adhesion of the flat portions of the contact surfaces. This theory was
developed due to the fact that the more popular adhesion theory often disagrees with
experimental data. Wear results obtained experimentally are usuatly higher than those

predicted by the adhesion theory {105].

Adhesion theory says that the asperities of sliding surfaces contact to form weld junctions
which end up shearing. The frictional force is a function of the actual area of contact,
which is a result of the normal and tangential loads. Adhesion theory has relied on the
idea that the actual contact area is larger when some of the junctions are under tensile
load, requiring a larger shear force at the interface. This may explain the difference
between experimental coefficients of friction and those obtained theoreticaily using the

adhesion theory [105].

1. Observations of the Material
It has been found that when the two contacting materials are identical, the coefficient of
friction and wear rates are higher than if a hard stationary material is sliding against a
moving soft material. If, however, the moving material is hard and the stationary one

soft, the coefficient of friction is nearly the same, and the wear rate is much higher than

with the two identical materials [105].
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For stationary hard materials and soft moving materials, once the delamination process as
discussed in the previous section is complete, the new high spots will be polished to a
mirror finish. If the materials are identical or the stationary material is softer, this does

not occur, and the surfaces remain rough as a result of plowing [105].

If a hard slider with a high Young’s modulus contacts a softer metal with a lower
Young’s modulus, the dislocations in the softer metal cause its particles to break from the
surface. Unless the particles find an obstacle to stop their motion, they are driven into the

softer material, causing strain-hardening [103].

2. Observations of the Coefficient of Friction
Experiments have demonstrated that the coefficient of friction is dependent on certain
conditions and can change for a given set of materials. For example, the change in

coefficient of friction over time will be similar to Figure 6.5.

Figure 6 5 also shows the relative effect of pairing like and different materials. The
reason the coefficient of friction decreases for dissimilar pairs of materials is that the two
surfaces polish each other. This is more likely to occur when the stationary surface is the

harder of the two.

Experiments have also shown that the coefficient of friction decreases when the wear
particles are removed form the interface. It then increases until it reaches a steady state

value, just as was found in Chapter 4.

In the absence of a significant interfacial temperature rise, the coefficient of friction
effects the mechanical properties of the material more than the chemical properties.
When the interface is lubricated, the time scale of the friction coefficient response
extends itself so much that the total time in service for the well-lubricated surface may be

equivalent to the early stages of dry sliding [105].
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Figure 6.5: Coefficient of friction versus distance: (a) similar
materials; (b) hard slider, soft specimen.

Even for materials that are chemically identical, the coefficient of friction can vary by as
much as .2, depending on which member is moving. With or without a lnbricant, the
initial kinetic coefficient of friction is typically between .12 and .17, but it can be .1 to .2
for steel on steel and brass on steel [106, 107]. Suh and Sin [105], also claim that,
regardless of material or the presence of a lubricant, the initial coefficient of friction
between two surfaces is always about .1 to .2. Their final obscrvation of the coefficient

of friction is that if the mating surfaces are well polished, plowing grooves are formed

from the very beginning of friction testing.

Suli and Sin theorize that the static coefficient of friction is determined by asperity
deformation. Since asperities form continuously, they affect the dynamic coefficient of
friction as well. Because their deformation occurs rapidly, their contribution, however, is

small compared to that of plowing and adhesion.

3. The Theory of Friction
The postulate of the genesis of friction between sliding surfaces is that the coefficient of
friction between sliding surfaces is a result of: (1) Asperity deformation; (2) Plowing by
wear particles and hard surface asperities; and (3) Adhesion of flat surfaces. The relative

impact of each of these phenomenon to the coefficient of friction depends on the
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condition of the mating interface, materials, history of sliding, surface topography. and

the environment.

Referring to Figure 6.6, the time-dependent behavior of friction according to the theory

can be explained.

A

Coefficient of Friction

11 JVy Vv

VI

Sliding Distance
Figure 6.6: Six stages of the frictional force.

In the first stage, the coefficient of friction appears to be governed by plowing from
asperities. Because the surface is contaminated, adhesion does not play a major role.
Once sliding begins, the asperities deform, affecting the static coefficient of friction.
This, however, is not the major contributor to the coefficient of friction, as the surfaces
are easily polished. At this stage, the coefficient of friction is fairly independent of

material combinations, surface, and environmental conditions.

There is an increase in the coefficient of friction in the second stage due to the onset of
adhesion. The slope of stage two becomes steeper if the wear particles are trapped
between the surfaces, promoting plowing. If the system is lubricated, stage two may

never be reached.
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The third stage has an even steeper increase in its slope. This is caused by the increase in
the number of wear particles caught between the surfaces from the first two stages.
Again, these particles can cause plowing. If the materials are of nearly equal hardness,
the plowing will be greater because the wear particles will penetrate both surfaces. Since
the newly formed surface is also clean, there can be an increase in adhesion. And as long

as asperities are present, they continue to contribute to the coefficient of friction as well.

The fourth stage is established when the number of entrapped wear particles as well as
the amount of adhesion reaches a steady state. Because in most cases the frequency of
new asperity generation is low, asperity deformation becomes less significant than
plowing. If the two metals are identical, the coefficient of friction in stage four is the

same through steady state. When the hard surface is moving, the harder surface remains

rough. There are no changes in stages five and six.

When the stationary member is harder, its asperities are slowly removed in stage five,
producing a mirror finish. The coefficient of friction then decreases as plowing and
adhesion decrease. When stage six is reached, the softer material aquires the same mirror
finish as the harder material. At this point, however, there are always “pot-holes” from

the delaminarion of wear particles [105].

4. Asperity Deformation Coefficient
The contribution of asperity deformation to the static coefficient of friction is significant,
but not in stage one. This is due to the fact that, once the asperities deform, interaction
between them cannot take place.. If new asperities, however, are generated during steady
state wear, they can also contribute to the coefficient of friction. The asperity
deformation is determined through slip line field analysis. It is a function of the leading
and lagging surface angles of the asperity with relation to the sliding direction. Once the
surface angles of the asperity are known, the coefficient of friction, pg, can be

determined, from Figure 6.7.
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The coefficient of friction due to asperity deformation is usually between .43 and .75 for

asperities with slopes between 4° and 20°.

1.0
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Figure 6.7: Asperity deformation coefficient of friction.

5. Adhesion Coefficient
Experimentally, the contribution from adhesion has been shown to be negligible at the
beginning of sliding. This is thought to be due to contaminants on the surface. Challen
and Oxley [108] have developed Equation (6.12) and (6.13) for the coefficient of friction

due to adhesion, Ll,.

_ Asinai+cos(cos™ f — o)
"~ Acoso+sin(cos” f — o)

(6.12)

[

A=1+—+cos ' f—20—2sin™ ______sin (6.13
2 (1-£)"? 13)
where
0. = Asperity angle and

f = Strength of adhesion.
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The strength of adhesion. or interfacial film strength, is the ratio of the film strengrh to

the flow stress acting parallel to the slip line of the softer material.

As the strength of adhesion varies from O to 1, the adhesion coefficient of friction
changes from 0 to .39. Experiments were conducted with hard AIST 1095 steel as the
slider against soft Armco iron. This produced a steady-state coefficient of friction of .51.
Both surfaces were polished smooth, indicating that the primary contributor was adhesion
[105].

The adhesion coefficient, which theoretically reaches a maximum of .4, depends on the
interaction of the two surfaces. This value is lower for well-lubricated surfaces and

higher for identical metals that do not have surface contaminants or oxide layers.

6. Plowing Coefficient
Plowing occurs whenever particles are trapped between the two surfaces or when
asperities themselves cause plowing. The plowing coefficient of friction can be a result
of hard asperities or wear particles. When two surfaces of equal hardness are involved,
the particle can penetrate both. As the surfaces move, grooves can then be produced in
one or both surfaces. If one surface is quite hard and smooth, little damage will occur as
the particle will slide along the surface. If, however, the hard surface is rough, the wear

particles will tend to stay in the grooves of the rough surface and plow the softer material.

Sin et al. [109] determined the contribution of plowing to the coefficient of friction, Uy, as

Equation (6.14).
2 2 2 2 172
== —rj P N (6.14)
u”_n w) oy w '

where
r = Particle radius and

w = Width of penetration.
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By measuring a worn specimen, the w/r ratio was found to be about .8. This ratio
produces a coefficient of friction due to plowing of .2. In tests with Armco iron against

Armco iron and Armco iron against AISI 1095, the plowing coefficients of friction were

.31 and .16 respectively [105].

Theory holds that the plowing contribution can be from 0 to 1, but it is typically less than
4. This value is higher for identical metals with deeply penetrating wear particles and
lower when wear particles are absent or a soft material is slid against a hard surface with

a mirror finish [105].

7. Contributions to the Total Coefficient of Friction
The relative contributions of the three coefficients of friction are difficult to determine.
The coefficients for both asperity deformation and adhesion assumed the total normal
load was applied to either the asperities or flat areas. In reality, the loads are apportioned

between asperities, adhesion joints and trapped particles [105].

The major points of this theory are that adhesion is not always present and that the
asperities sliding over each other also impacts the coefficient of friction. In many cases,
wear particles can effect the coefficient of friction more than adhesion. It also
demeonstrates that the coefficient of friction changes with the time of sliding. And finally,
the theory shows that the static coefficient of friction is determined by the asperity

deformation and can range from .43 to .75 as the slope of the asperity changes [105].

F. Asperity Deformation Model

The asperity deformation model by Challen and Oxley [110] provides cocfficicnts of
friction and wear rates that are consistent with the two basic laws of friction; that the
friction force is proportional to the normal load and independent of area. This model is in
contradiction to Archard’s adhesion theory, but it is in agreement with experimental data
[110]. Part of the basis for this model is that under all conditions, with a constant force,

the coefficient of friction increases with increasing roughness. The asperity deformation
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model includes three separate madels: (1) the rubbing model, (2) the wear model, and (3)
the cutting model. These models are all functions of the asperity shape and the interfacial

film strength.

The first contribution to the asperity deformation model is the rubbing model. It is the
same as the Challen and Oxley [108] model, which was used for the genesis of friction
model. This model is applied when the lagging asperity angle to the horizontal is larger
than the leading asperity angle but less than 45°, It is also limited to cases where the

coefticient of friction is less than 1.

When the coefficient of friction is greater than |, and the asperity angle is still less than
45°, the wear model should be used. The wear model coefficient of friction, L, is

calculated by Equations (6.15) and (6.16).

{l—ZSinﬁ+(l" fz)”z}sina+ f cosal

= 6.15
{1—251nﬁ+(1-fz)”z}cosa—fsina (6.15)
B= otm - mcos™ £ sin” 6.16
=07 cosT f+sin 1 H" (6.16)
where
0. = Asperity angle and
f = Interfacial film strength or strength of adhesion,
The predicted wear rate for the wear model, W, is found through Equation (6.17).
| sin’ o+ Es%nZu
W= 6.17)

2k 1+sin20

where

k = Shear flow stress.
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The cutting model describes the formation of chips. It applies when the asperity angle is
greater than 45 degrees, and the coefficient of friction is greater than 1. Itis also a

function of the asperity angle and film strength as shown in Equation (6.18).

1 1
= tan(amzn-i-acos"f) (6.18)

And the wear rate is predicted by Equation (6.19).

1 i
o+—cos f
1 cos( 5 cos )

W=
2k {
cOs

1 1
1t+(oz-z1t+wcos“' f)

(6.19)
")

The results from the three models can then be plotted on one graph. The combined
coefficients of friction and wear rates are as shown in Figures 6.8 and 6.9 respectively.
In Figures 6.8, 6.9, and 6,10, the are numerous lines. Each are results of the asperity

deformation model as the strength of adhesion, f, changes from .1 to .9 in .1 increments.
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Figure 6.8: Asperity deformation friction model.
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If the asperity angle. o, remains constant, and the force decreases, the coefficient of

friction increases in the cutting model and decreases in the rubbing and wear models.
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Figure 6.9; Asperity deformation wear model.
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Figure 6.10: Modified asperity deformation friction model.
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According to the prediction, before chips can be produced, the asperity angle must he
greater than /4. Chips have experimentally been produced with a smaller o, and so the
graph of the coefficient of friction is modified by reducing the lower limit in the cutting

maodel as shown in Figure 6.10,

This model demonstrates the importance of asperity shape for producing both wear and

friction. It also relates the wear and friction to the strength of adhesion.

G. Other Paramcters

I. Material
In the fretting process, hardness is important, as hard materials tend 1o fret less. Buckley
[111] suggests that in adhesive wear this may not be true, as indicated by the crystal
structure concept. It says that the hexagonal metals have lower adhesive wear
characteristics than body or face-centered cubic metals. In an oxidizing environment, the
greater the adhesive wear, the greater the fretting. The crystal structure has been shown
to affect the adhesive wear one hundred fold. This, as so many other theories, is contrary

to the long-standing Archard theory.

Fowle | 18] identifies many ways to reduce the wear of gear teeth. He found that
materials with more carbon have better wear properties. Tungsten, molybdenum, and
white cast irons can increase wear resistance, as well as higher levels of austinite. The
presence of chromium and nickel also serve to reduce scuffing. Small concentrations of

carbon in iron are quite efficient at reducing adhesion.

Fowle also has a theory that explains stainless steel. He suggests that in low alloy steels,
the oxide layer that occurs on high spots can break the exposed bare metal. These oxide
fragments cut the oxide film on the mating part, promoting adhesion and wear. In 18/8

austenitic stainless steel, there is a thin brittle oxide layer. This, rather than its austenitic

structure, may be why it is difficult to avoid scuffing it [18].
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Sulfur can be more effective than oxygen in the reduction of adhesion. When sulfur is
used, varying the load does not affect adhesion. The practical application of this,
however, is not reasonable. Once a sulfide film is exposed to oxygen, the sulfur is

completely displaced, leaving only oxygen on the surface [111].

2. Polymers

The study of polymers and how they wear has been of interest for some time now. Their
use as bearings, gears, and other components has increased significantly over the past
several years, as they have become engineered materials. Some of the nonlubricated
plastics used for bearings include nylon, acetal, tetrafluoroethylene (TFE), polyimide, and

phenolics. When nonlubricated rubbing occurs with plastic parts, wear will also occur
[112].

The traditional wear rate for plastics is simply the product of pressure, velocity and a
constant. This is true, but the surface finish of the metal counterpart must also be taken

into account. Hollander and Lancaster [113] found the relationship between the metal’s
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Figure 6.11: Effect of asperity size on wear rate.
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asperity size and wear rate for several plastics is shown in Figure 6.11. Note that,
depending on the capability to produce a smooth surface, some plastics will give varied
results. An example of this is polyethylene. If the manufacturing capability could

produce asperities with radii of 5 to 20 micrometers, the wear rate would be .00008 to

d

e

Relative Wear

0 4 8 12 16 20 24 28
Shaft Finish, Micro-in. (Rms)

Figure 6.12: Wear versus surface finish.

.0008 mm>/Nm. PMMA, over the same range of asperity size. will have a wear rate of
00002 to .01 mm*/Nm. With larger asperities, each material performs almost as well as
the other. For smaller asperities. however, the polyethylene is ten times superior to the
PMMA. If the asperity size were always larger than 20 micrometers, the PMMA material

would always wear less than the polyethylene.

In Figure 6.12, Bower [112] presents the relation of bearing wear with shaft finish for
TFE. In this case, notice that the wear increases if the shaft is too smooth. While

demonstrated experimentally, the cause for this has not yet been identified.
3. Speed and Load

Although no model exists relating the coefficient of friction to the load, there is a

phenomenon where the coefficient uf friction has been found 1o decrease with increasing
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load. Earles and Powell [114] have studied this and found the coefficient of friction, W, to

be as calculated by Equation (6.20).

naNY2U (6.20)
where
N = Load and
U = Speed.
4. Lubricant

In 1939, Blok [115] predicted that unless the conlacl temperature exceeds a critical level,
scuffing would not occur. This temperature is the most widely used criteria for scuffing
in gear applications, but it has been shown that the temperature measured just before
scuffing occurs is inconsistent and varies with testing conditions. One interesting
observation from this study is that at rolling speeds at least four times greater than the
sliding speed, no scuffing occurs [116]. Instead of a critical contact temperature, Bell
and Hadley [116] suggested that fractional power intensity be used to evaluate scuffing.
The fractional power intensity is the product of the coefficient of friction, the mean

Hertzian contact pressure and the sliding speed.

H. Summary

Reciprocating wear is studied at amplitudes over 300 micrometers (.012 inches). There
are many theories to predict wear and the coefficient of friction. Archard’s wear theory is
the most popular relating wear to the load divided by the area. The delamination theory
of wear is based on the formation of sheets of wear debris during the wear process. Its
prediction is a function of the load, sliding distance, and properties of both materials.

The asperity deformation model predicts the wear rate and coefficient of friction by
rubbing, wear, and cutting of material. All of these values are a function of the angle of

the asperities and the surface strength of adhesion.
Suh and Sin produced a model of the coefficient of friction that involves components for

asperity deformation, adhesion, and plowing. They also explain the change in coefficient

of friction with time through six stages.
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Severe wear is identified as an increase in wear within a load range by as much as two
orders of magnitude. Changing the material hardness can effect the occurrence of severc

wear.

Wear is also dependent on material for a variety of reasons. Increases in the amount of
carbon were found to reduce wear, and materials with hexagonal crystal structures were
found to be more effective at resisting adhesion. Finally, the asperity size was found to

impact the wear rate of polymers.

92



VII.  Coaxial Spline Maodel — An Evaluation of Gear Tooth Stresses

Regardless of the mechanism by which wear occurs, an important part of the evaluation
of coaxial gear tooth wear is the determination of the strcsscs on the tooth’s surface.
Additionally, the sliding amplitude and the product of the contact pressure and velocity of

the two surfaces need to be determined to establish the type and quantity of wear.

The Hertzian siresses on the tooth are not easily obtained. Since the two coaxial shafts
are not perfectly concentric, all of the spline teeth are not necessarily in contact and do
not have the same stress levels. Consider, for example, a set of perfectly rigid coaxial

gears with a loose fit, mounted on two shafts with centerlines that are slightly offset, as
shown in Figure 7.1. Only one or two pair of teeth would ever make contact with each

other at one time.

Contact /
B [
b ]

Figure 7.1: Tooth contact.

In actuality, due to tooth bending, more teeth do make contact. For instance, plastic
splines have been shown to exhibit better wear properties than rigid steel gears, despite

their inferior material properties. It is their ability to deflect that makes them superior.
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One rule of thumb which has been used by gear engineers is to design the spline with the
agsumption that half of the teeth make contact. Whereas this may produce a functional
design, it is not based on an understanding of the limits of the gear set and therefore, it is
not a good method of predicting their performance. Clearly, depending on the loading
and geometry, more teeth may be in contact in one design than another, Additionally, out
of those teeth actually making contact, the luads on some will be higher on some than on

others.

To obtain a clearer picture that will allow a more accurate prediction of the behavior of
the gear set, it is important to understand the nature of the contact stresses. This chapter
presents the “coaxial spline model”, which was developed during the course of this study
in order to better understand and explain coaxial spline interaction. The evaluation of the
contact stresses begins with the evaluation of the bending capacity of the tooth itself. It
serves to relate the tooth’s stiffness to its geometry, as well as to identify the location
where a pair of teeth make contact. The remainder of this chapter involves the evaluation
of a system of spline teeth. For an internal and external set of splined teeth, the
deflections, forces, Hertzian stresses, sliding amplitude, speed, and product of stress and

spéed product can be calculated for any set of conditions.

A. Tooth Geometry
In order to determine the deflection of the tooth under load. the thickness of the tooth
along its entire length must be known. The geometry of a spline tooth is found in the

study of involutometry. Equations (7.1) through (7.4) calculate tooth thickness for an

external spline at any radius as depicted in Figure 7.2.

1
t(r) = 2r(——"-— +inve — invcpJ (7.1)
2,
invp = tand — ¢ (7.2)
invp = tan@ - (7.3)
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(7.4)

Pitch Circle
Base Circle

Figure 7.2: Tooth geometry.

Variables in Figure 7.2 are

t = Arc thickness of the tooth,

r = Radius where the thickness is calculated,
t, = Arc tooth thickness at the pitch circle,
rp = Radius of the pitch circle,

& = Pressure angle at paint r,

¢ = Pressure angle at point t, and

1; = Radius of base circle,
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If x were defined as the distance from the radius of the hase circle, 1y, to the radius of

interest, 1, the tooth thickness as a function of x reduces to Equation (7.5).

t 2 _
t(x) = 2(x + rb)i:-lf—+ tan¢—¢+cos"[x f:r }]_T\/X4 +4x7r, +5x7r] + 2x1] (7.5)
d b b

where

P, = Pitch diameter.

Unfortunately, this equation yields the arc thickness of the tooth. In order 1o determine
the area moment of inertia, which is required to calculate the tooth deflection, the cross
sectional thickness, ', of the tooth is required, not the arc thickness. The tooth thickness,

t’, can be determined by taking the sine of the arc angle at r times the radius at r as shown

in Equation {7.6) and Figure 7.3.

. (t(X)J
t’(x) = 2rsin| — (7.6)
2r
A
i(x)

o r—2 1yl v (x)

v
r
————

Figure 7.3: Tooth thickness.

Thus, however, will result in a thickness that is actually at a radius less than r, and it is the

tooth thickness at the radius that is desired.,

96



A direct solution is not readily available because the tooth thickness is a complex
function of r. The exact value at r may be found by iterative solutions. For the purpose
of this evaluation, however, an approximate adjustment to r will be made. The
adjustment is equal to the residual of the cosine component to produce 1’ as calculated in
Equation (7.7) and shown in Figure 7.4. The remaining error will then be less than thc

difference in tooth thickness at r and r’.

1
r'= r{2 - COS[E)} . (7.7

For a 25-tooth spline with a pitch of 10 teeth per inch, the adjustment to the tooth’s
thickness by changing r to r’ is a maximum of .004 inches, or 2 percent of the tooth’s
thickness. To adjust the radius more closely would have a minimal effect on the solution.
The arc thickness and normal thickness can be calculated at the new position 1° to provide

a sufficiently accurate tooth thickness value.

_r_ 5
> |« dx
'y X T ,
>« > Improved t’ (x)
.
_r

Figure 7.4: Improved tooth thickness.
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The previous evaluation is for an external splined tooth. The calculations for an internal
tooth are the same, except that its circular tooth thickness, tp, would be the circular space
width at the pitch line. The circular space width, tz(x), could then be calculated for the

external spline, and the internal tooth thickness along the length of the tooth, t,(x), would

become Equation (7.8).

27
t,(x) =-N-~(x+rb)-—tE(x) (7.8)
where

N = Number of teeth.

B. Tooth Bending
The evaluation of the tooth’s ability to bend can be made assuming it is a cantilever

beam. Using the convention shown in Figure 7.5, the prohlem is solved by integration of
Equation (7.9).

’y(x)  M(x)

x> EI(x) (79)
A /
y ///
=
B
— =

Figure 7.5: Tooth coordinate system for integration.
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Eguation (7.10) is the area moment of inertia.

bt(x)’
I(x) = 7.10
(x) 2 (7.10)
where
x = Radial pusition on tooth,
y(x) = Tooth deflection,
M(x) = Moment created by tooth load,
E = Young’s modulus,
I(x) = Area moment of inertia,
b = Tooth width, and
t(x) = Tooth thickness.
By assuming small angles and defining the boundary conditions as zero slope and
deflection at the base of the tooth, the problem becomes Equation (7.11).
MG M)
X}=— dxdx (7.11)
y(x) ” 5 o ! 1(x)
Which reduccs to Equation (7.12).
12 ¢ (x) M(x)
y(x) = 7dxdx (7.12)
Eb” (o) I(( )

Due to the complexity of the tooth thickness equation, the deflection is best solved using
numerical integration. In this evaluation, the rectangular rule was used with 100
divisions of the tooth. Now a load can be applied and the moments determined for each
location on the tooth. Because the actual loading is unknown at this time, a point load on
the tooth will be assumed. The resulting moment diagram and deflection curves are

shown in Figures 7.6 and 7.7, respectively, for a 10 pitch, 25 (ooth spline.

The same evaluation is then performed for the internal tooth. The only change required is

the tooth width and direction of the force.
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Figure 7.6: Moment along the tooth length.
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Figure 7.7: Deflected tooth surface and centerline.
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C. Contact Of Two Opposing Teeth

Since the deflections of the internal and external teeth are known, their interaction can be
considered. It is reasonable to assume that when the two teeth come into contact, the
contact will not be made along the entire length of the tooth. The load would be
concentrated at one position. This assumption is valid provided the gap between the tecth
exceeds the surface deformation of the teeth. Figure 7.8 is the predicted gap for a set of

steel coaxial splinc tecth which have a pitch of 10, 25 teeth, and are under a 100 pound

load.

2.5

2.0 \

1.5

1.0 \\
0.5

N /
0.0 A
1.05 1.10 1.15 1.20 1.25 1.30
Radius, r (in)

Tooth Gap, A {1E-6 in)

Figure 7.8: Gap between teeth with a 100 pound load.

Notice that there is a gap between the teeth surrounding the point of loading and that the
load is concentrated near the center of the tooth, Although there are gaps at the ends of
the teeth, they are extremely small, millionths of an inch. This suggests that it is possible
for the teeth to make contact over their entire length, depending on their surface finish
and deformation due to contact stresses. For the purpose of this evaluation, however, the

contact can be assumed to occur at one point.
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Although the gap surrounding the point of contact is small, the deflection of both teeth
under a 100 pound load at the point of contact is about 8 (10°°) inches, creating a gap that
is equal to as much as 25% of the deflection. The nature of the involute produces zero
gap at zero deflection. While being deflected, the curvature of the two faces are nearly
the same and have been calculated as .506810 inches for the external tooth and .506880
inches for the internal tooth. The interaction of the two surfaces is, therefore, best

evaluated as a cylinder inside & cylindrical socket.

Since the deflection has been found to be linear with the load, a constant spring rate of
the pair of teeth can be calculated as the force divided by the displacement. Additionally,

under these conditions, the point of contact is constant as the load changes.

The process of determining the point of contact and gap size is not necessarily
straightforward. First, the deflection curves are determined through the double numerical
integration mentioned earlier. The shape of the teeth contacting surfaces are then
determined, as well as the radius where contact occurs. Next, the position of the load is
adjusted until it sufficiently agrees with the radius of contact. Finally, the gap between

the two teeth surrounding the point of contact can be determined, as well as the deformed

radius of the deflected surface at the point of contact.

Evaluations of the tooth thickness, deflection curve, and contact with an opposing tooth
have all been made with a program written in TK Solver™, TK Solver™ is a
simultaneous equation solver with the ability to easily change independent and dependent
variables. This, coupled with its ability to easily graph data, makes it very suitable for

this type of analysis. A listing of the TK Solver™ code written to solve the tooth

deflection problem is in Appendix A.

D. Gear Teeth Deflections
Now that the deflection shape of a pair of teeth is known, the possibility of multiple teeth
in coaxial spline drives can be considered. If the two members, internal and external,

were perfectly concentric, all of the mating teeth would contact each other and deflect
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uniformly. If there were no torque load, they would not deflect at all. When the gear

centerlines are not concentric, without any torque applied, the teeth may or may not make

contact or deflect.

Tooth Force

Figure 7.9: The analysis process.

The case for consideration, then, is when the shafts are offset. Referring to Figure 7.9,
the analysis process, before the teeth can defiect, the shafts must first rotate to

accommodate all the misalignment possible. If the remainder of the system is perfectly
rigid, the teeth must accommodate all the required deflection. Any deflection in the
system other than the teeth will degrade the concentricity between the splines. When
there is compliance in the system, the concentricity of the splines will improve. An
exémple of a compliant component is ball bearings. Their internal clearance can allow
both axial and radial movement of their races, decreasing the required deflection of the

spline teeth. Once system deflection is considered, the remaining interference needs to
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be accounted for through tooth deflection. 1t is this deflection which determines the load

on the tooth due to misalignment.

This loading of the teeth is then added to any torque load that may be applied. The
torque load is determined by first establishing which teeth are in contact. Then through
iterations, their required deflection which will drive the torque load is found. Throughout
the evaluation, the gap between the teeth is continuously checked to properly identify

those in contact.

In the analysis of a set of teeth, the conventions in Figures 7.10 and 7.11 will be used.

No. 1 Teseth

No. 2 Teeth
./

Figure 7.10:Teeth position and numbering.

The variables in Figures 7.10 and 7.11 are

8 = Angular offset from top dead center,
A = Gear centerline offset,

A;j = Tooth detlection,

tij = Tooth arc thickness,

L;;j = Arc length between teeth,
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§; = Gap between teeth,
i =Tooth, 1 = external, 2 = internal, and

j = Tooth pair numher.

:
; & Contact Radius

A'l.1
g [N

A

i
i
i
i
Figure 7.11: Definition of teeth arc lengths.

The angular offset, 8, is used to evaluate different discrete tooth locations. Using these

definitions, the relationship between tooth spacing and deflection due to load can be

established as the matrix Equation (7.13).
[INL, -L,}=[Blt, —t,+A,+4, -8} (7.13)

Where for each pair of teeth

L; = Arc length between two external teeth,
L, = Arc length between two internal teeth,
t; = Arc tooth thickness of the external tooth,
t> = Arc tooth thickness on the internal tooth,
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A = Deflection of the external tooth from the load,
A» = Deflection of the internal tooth from the load,

& = Gap between the teeth,

1 -1 0 0
0O 1 -1 0

[B]= 0 0 1 1) and
0O ¢ 0 1

(1] = Identity matrix.

The arc distance between the teeth, 1, and the tooth thickness, t, are known from the
geometry of the problem. The arc length between teeth, L, is determined through the
geometric relationship of the arc length between the teeth to one center. This is where

the offset, A, has a significant effect. The deflections due to the oftset and gap between

the teeth are unknown. Therefore, Equation (7.13) becomes Equation (7.14).

BIL, ~L,}-{t, —t,} = {a, +4, -5} (7.14)

The value for the right hand side of the above equation can then be calculated. Now the
freedom of rotation needs to be accurnmodated. First the minimum result from the right
hand side of the equation is subtracted from each tooth gap. Then the manufacturing

clearance and wear are added 1o each tooth gap from the right hand side of the equation.

Some teeth-now have gaps between them, whereas others have interference.

If there is interference, the gap between the teeth, 8, is set to zero and the force from the
deflection can be calculated as in Equation (7.15),

F = KA, (7.15)
where

F; = Tangential force on the tooth pair and

K = Tooth pair spring rate.
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If, however, the gap is greater than zero, the force on that tooth is set to zero.

Additionally. the deflection of those teeth in contact, which are required to drive the
torque, is considered. A deflection is estimated and adjusted to produce the required
torque. These deflections are added to the deflections required from the offset. This

allows the complete sclution to the set of coaxial splines.

The remainder of the analysis involves the evaluation of a set of gears using the coaxial
spline model. It is assumed that the teeth are of perfect form and that the gear set has the

properties listed in Table 7.1.

Number of Teeth 25

Pitch 16 /in
Pressure Angle 30 degrees
Offset 010 in
Torque 50 filbs
Material Mild Steel
Class of fit 6

Wear Oin

Table 7.1: Baseline gear teeth properties.

The resulting load distribution on the teeth is that shown in Figure 7.12:

There are actually two curves in the graph, one for zero torque applied and the other with
50 ft ths. These are the results if the clearances between the teeth are at their maximum,
.0088 inches for a class 6 fit. Clearly there must be a distribution of these clearances.
They are not expected to decrease to zero, however, otherwise, axial movement could not
occur. The analysis was repeated with an estimate, based on experience in industry, of

the tightest clearance likely to be produced, .001 inches.
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Figure 7.12: Tooth loads.

With the tighter clearance, as shown in Figure 7.13, the tooth stresses are nearly double,

and almost all of the teeth make contact at the same time. Now consider the case where
the teeth are worn by .018 inches, with the .001 inch manufactured clearance as shown in
Figure 7.14. Not only are there fewer teeth in contact, the maximum load on the teeth is
significantly reduced.
160,000
140,000
120,000
100,000 -
80,000

60,000 -
40’000 \_ Y
20,000

0 D\Sk‘E,D"/J_

0 90 180 270 360
Tooth Position (deg)

Normal Tooth Force (Ibs)

Figure 7.13: Tooth loads at .001 inch tooth clearance.
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Figure 7.14: Tooth loads with tight clearance and wear.

Several observations can be made from the results shown in Figures 7.12, 7.13, and 7.14.
The first is that the tighter the fit, the more each tooth will have to deflect, increasing its
load. Second, as the teeth wear, fewer teeth carry the load. Also, the load imposed on

the teeth by torque is insignificant compared to the load from the teeth deflections.

The last and most important observation is that the tooth forces due to the offset shafts
are extremely high. If the surrounding system is truly rigid, the teeth would be expected
to fracture. In applications such as clutches, which are the focus of this paper, the system
surrounding the gear teeth is not rigid. The friction faces of the clutch may slip, placing a
ceiling on the load and the gear tooth requirement to bend. The amount of slippage is not
always a known quantity. Early in the life of the clutch, the force can be easily

determined with Equation (7.16) as a relationship between the torque, coefficient of

friction and mean radius.
F=— (7.16)

where
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F = Force,
Ty = Torque,
1 = Coefficient of friction. and

r = Mean friction face radius.

The typical clutch which would be used with this spline would have 750 1bs. of maximum
radial retention force. Considering this to be the case, the model can be adjusted so that
the force acting in any radial direction is calculated. Then the offset is adjusted so that

the force is not exceeded. This produces the tooth loading in FFigure 7.15.

800
700
600
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400
300
200

|
|

|

|

100 I
4

Normal Tooth Force (Ibs)

0 90 180 270 360
Tooth Position (deg)

Figure 7.15: New clutch tooth loads.

As the friction faces wear, as shown in Figure 7.16, the determination of this force is not
as straightforward. Grooves are cut into the face, causing the radial load ceiling to
increase. The force would be dependent on the size of the groove, its material, and many
other factors. Assuming the contact in the groove can be modeled as a rigid, static,

inclined plane, an estimate of the radial force, F,, can be made with Equation (7.17).
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Figure 7.16: Worn clutch face.

© "*{ CosA —uSinA (7.17)

where
F, = Axial clutch force,

it = Coefficient of friction, and

A = Contact plane angle to friction face.

The contact plane angle is a key factor in determining the axial force. If an angle of 25°

and a coefficient of friction of .5 were assumed, the radial force would be about 2000 Ibs.

Under these conditions, the tooth loads should be as predicted in Figure 7.17.

Figure 7.17 is a much better representation of the load sharing between teeth that is
produced. Figure 7.15, at a 750 Ib. axial ceiling, would be representative when the clutch
is new. After wearing in, the loads would increase to those in the Figure 7.17. Therefore

s

these are the loads used to determine the steady-state stresses in the teeth.

There are two more items regarding this evaluation. Because of the complex nature of
modeling the gap and deflection between the teeth, solutions for the torque load and
radial force limit are found through iteration. The equivalent deflections required to

produce those loads are estimated and adjusted accordingly until the desired loads are
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achieved. Secondly, it should be noted that these tooth forces are tangential to the gear
radius at the point of contact. They have normal and tangential components with respect

to the tooth’s surface, which are trigonometric functions of the pressure angle.

2 500
4 2,000 72
fi}]
o
S 1,500
=
°
S 1,000
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0 90 180 270 360
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Figure 7.17: Worn clutch tooth loads.

E. Hertzian Stresses on Tooth Surfaces

Now that the loads on each tooth can be found, the stresses need to be determined. The
Hertzian stresses and contact areas of the tooth to tooth interface can be evaluated several
ways, including a sphere on a plate, a sphere on a spherical socket, a cylinder on a flat

plate, or a cylinder in a cylindrical socket [117]. In some of these cases, elastic surface

deformations can be calculated as well.

Due to the curvature of the teeth, the use of the cylinder in a cylindrical socket best
describes the interface. This assumes the teeth are guite long, have contact across their
entire width, and that the surfaces are large arcs. Splined teeth are not necessarily always
long, however. Additionally, contact across the entire tooth width may not oceur if there
is angular misalignment. The best estimation of surface conditions for that case may be

the sphere in a spherical socket.
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The Hertzian contact stress for a cylinder in a cylindrical socket is given hy Equations

(7.18) through (7.20).

K.C. (7.18)
DlDz v

K,= D,-D, (7.19)
1-vi 1-v]

C. = Ly—2 7.20

= E ' E, (7.20)

where
o, = Contact stress,
p = Load per unit length,
D, = Contact surface diameter,
vi = Poisson’s ratio, and

E; = Young’s modulus.

The contact width, b, is found through Equation (7.21).
b= L6,/ pK,C; (7.21)

In the case of the baseline model, the radius of the eeth surfaces are .506880 and 506810
inches for the internal and external teeth, respectively. Evaluating them as a cylinder
within a cylinder produces a Hertz stress of 3770 psi with a contact width of over 3
inches. Clearly, the contact width is larger than that available on the tooth. By allowing
only the radial tooth length to make contact, the predicted stress is more realistic. The

constant Kp, for the proper tooth length becomes Equation (7.22).

K _(3]2 : 722
Pl16) pC, (7.22)
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Where b is the radial length of the tooth. Now a stress of 63.5 ksi is predicted. As
expected, this is just slightly higher than the contact stress calculated if the load were

divided by the entire tooth area. That stress is 57.4 ksi.

F. Sliding Distance and Speed

Sliding distance and speed are both measures used to predict the fretting or wear of
materials. In the case of coaxial splines, the contact of the teeth is periodic. The time of
contact is a function of the maximum number of teeth which can make contact. This is
seen in Figures 7.12, 7.13, and 7.14. While the sliding distance is fairly constant, cycle to

cycle, the sliding speed changes with angular position during the cycle.

If, using the earlier convention, the shafts were offset by an amount, A, the relative

position of two opposing ieeth o each other, S(1), at a speed, w, would be found with

Equation (7.23).

ASin{wt)
S(t) = ———F—— (7.23)
Cos(¢)
And the sliding amplitude, dS, would be determined with Equation (7.24).
A{l-Sin
dS = -——-——( (ﬁ)) (7.24)

Cos(¢)

Here, B, is the angle where contact is first made. In Figure 7.12, B is 170 degrees. The

sliding distance during one cycle is twice the sliding amplitude.

The velocity, V(t), can now be found with Equations (7.25) and (7.26) by taking the

absolute value of the first derivative of S(t).

_ AwCos(wt) wt B
V()= " Coso) | 27 B>—~2m >B, n=123.. (7.25)
mt
V=0, B>—>-B, n=123.. (7.26)
27n
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For the preceding spline evaluation, the sliding distance would be .0116 inches and the
amplitude .0058 inches. The sliding velocity of the teeth while they are in contact is

predicted as shown in Figure 7.18.
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Figure 7.18: Tooth surface speed.

Note that when the teeth first make contact, at §, the velocity is not zero. This is because

the relative velocity between the teeth exists, even when they are not in contact.

Now that the sliding distance and the velocity profile can be determined, they can be

applied to fretting and wear theories.

G. PV Limit

The evaluation of plastic gear teeth wear requires the calculation of the PV value for
comparison to the PV limit. The previous sections evaluated the maximum stress. That
stress occurs when a tooth reaches a position normal to the offset. At that point,
however, the sliding velocity becomes zero, producing a zero PV value. This is seen in

Figure 7.18. By adjusting the offset angle of the teeth, and repeating the analysis, the
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condition where the maximum product of the load and velocity can be found. This, then,

is the position where the maximum PV value is calculated.

It is recognized that the PV value calculated only exists for a moment during the cycle.
The same is true for the maximum stress. The proper solution would be an integration of
the changing stress of PV value, with time, while the teeth rotate, similar to Miner’s rule
for fatigue stresses. For the purposes of this paper, however, the focus is on determining
the maximum values, based on the assumption that they cause the majority of the

damage. Any reduction in the maximum value is assumed to reducc the damagc.

H. Summary

Using the coaxial spline model, several key characteristics relating to fretting and wear

can be predicted. They inclade the maximum load, stress, and PV value.

The evaluation begins with the gear toothy’s stiffness. The tooth is treated as a cantilever
beam whose profile is given in Equation (7.5). Tooth deflection is then found through
the double numerical integration of Equation (7.12). Next, the interaction between
mating teeth is evaluated to determine the point of contact. Once the point of contact

agrees with the load point, the stiffness of the teeth is known.

Reactions of the teeth pair are then used in the evaluation of the gear set. Teeth contact is
a function of the space between the teeth and the deflection of the surrounding teeth. The
gears set is evaluated by Equation (7.13), which relates the system of teeth deflections to
their gaps. The space between the teeth is governed by the offset of the two gears
whereas the deflection of the teeth is determined by their interference with mating teeth

and the torque load applied.

Evaluations made with the coaxial spline model were made with clutches and couplings.
The clutch evaluation limits the radial load on the teeth to the maximum slip load of the

friction faces. The coupling evaluation, however, does not have this restriction. In both
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evaluations. the loads on the tooth from torque are less than the loads from offsetting the

two gears.

Once the teeth in contact as well as their loads are known from Equation (7.13), analysis
of contact stresses, sliding distances and velocities, and PV values can be made. These
properties are then used in the evaluation of wear and fretting. Therefore, use of the
coaxial spline model allows the engineer to evaluate changes to the design and better

understand the effects prior to actual testing.
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VIH. The Clutch Evaluation

A. Approach

There are many theorics that predict the life and wear rates of CUIH[-)UIICI[[S subjected 10
fretting and wear. These were presented in Chapters 2, 3, 4, and 6. In order to reduce
coaxial gear failures due to these mechanisms, the results of the coaxial spline model

described in Chapter 7 need to be interpreted in light of those theories.

The theories presented in Chapters 2 through 6 predict not only wear and wear rates, but
also maximum stresses, the position of those stresses, the angle at which cracks are most
likely to occur, and coefficients of friction. The discussions also include how sliding
amplitude, frequency, temperature, humidity, and other application parameters effect
wear and fretting. Some of these characteristics, including humidity, temperature, surface
finish, material elements, and debris, are not described by the coaxial spline model, and
therefore will not be addressed during the course of this analysis. The analysis does,
however, provide results with respect to pressure, force, sliding amplitude, frequency, and

the product of velocity and pressure.

Once these results are obtained. they need to be interpreted, using the theories described
earlier to predict the life and wear rate of the components. Selection of the most
appropriate theory is based on a variety of questions. Does the application involve
fretting wear, corrosion, or just wear? Is fretting fatigue fracture likely? Is the material
best described with a PV value? Ilow does the coefficient of friction change? Once
questions such as these are answered, the best model can be identified and a wear rate,

fretting rate, or life prediction identified.
A review of the various theories shows that some trends are evident. First, with only a

few exceptions, the stresses and rates of wear are all linear with the load. Therefore, a

reduction in load can be expected to provide at least a linear increase in life. The theories
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also generally agree that the amount of wear is linear with distance traveled.
Additionally, if plastics are being used, the maximum product of the load and velocity is a

significant factor.

The remainder of this chapter will show how design changes with fcspcct to the tooth
geometry, material, tolerances, radial slip force, torque, and speed will impact the key

elements of contact stress, sliding amplitude, and maximum PV values.

B. Baseline Design

The baseline design is the same as that of the example used in Chapter 7 to describe the
coaxial spline model. The spline will be used to transmit 50 ftlbs of torque. Since the
application is a clutch, the splines will have a 2000 1b radial load limitation, with the
assumption that, beyond that point, the clutch will slip. It is also assumed that this is
steady-state with respect to the radial force and the change in clearance due to wear. The
spline will be assumed to have the maximum clearance allowed for a Class 6 fit. The
contact will be assumed to be a point load, and the Hertzian stresses will be evaluated

using the modified Kp for a limited contact area.

C. Tooth Geometry

In the evaluation of the ability of a set of coaxial splines to resist fretting and wear, the
stiffness of the tooth affects the number of teeth that will simultaneously make contact.
Changes in the geometry of the tooth, therefore, need to be evaluated for their effect on

stiffness, as well as for their impact on fretting and wear characteristics.

1. Pitch
The design was evaluated at three different pitches to determine the effect of pitch on
pressure, force, and the product of pressure and velocity. The first condition was the
baseline design with 10 teeth per inch. The second and third conditions were 12 and 16
teeth per inch, respectively. Each of these conditions maintained the same pitch diameter

of 2.5 inches, changing only the number of teeth in the spline. Increasing the pitch from
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10 to 16 teeth per inch results in the number of teeth increasing from 25 to 40. This
change produces only slight changes in the radius where contact is made and the average
surface radius. It has a significant impact, however, on the stiffness of the teeth, as

indicated in Figure 8.1. The resulting spring rate goes from 7.9 to 6.6 million Ibs/inch, a

decrease of 169%.
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Figure 8.1: Changing pitch.

Changing the pitch also produces changes in the contact stress. Changing from a 10 to 12
tooth pitch produces a 16% reduction in contact stress. However, increasing the pitch
still further to 16, rather than providing an even greater improvement, reduces the stress
reduction by only 11% from the baseline. This can be explained by observing the
maximum force produced and number of teeth in contact. As the pitch increases, the
force decreases, in fact by nearly 40% when moving from a 10 to 16 pitch. As the force
decreases, however, the contact area of the tooth face also decreases. The major
contributor to this inconsistent behavior is the number of weth in contact. The effect of
changing the number of contacting teeth on the tooth force is shown in Figure 8.2. In the

baseline, the number of opposing teeth in contact can be as littie as one. In the other two
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cases, there are always at least two teeth in contact. When this happens. two teeth now
share the maximum load produced by torque and the faces slipping, which, in the case of
the baseline, was completely absorbed by one tooth. The increase in stress in going from
the second to the third case is then clearly related to the tooth area decreasing faster than
the force. Therefore, any benefit due to increasing the number of teeth is only obtained if

the minimum number of teeth in contact is increased. Otherwise increasing the pitch is

detrimental.
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Figure 8.2: Changes in tooth force.

The effect of the number of teeth in contact is also seen in the maximum product of
pressure and velocity, PV. There is a 12% reduction in the maximum PV when the pitch
is increased from 10 to 12, and a 10% increase when the pitch is changed from 10 to 16.
This, as in the case of contact stress, is a result of the number of teeth in contact and the

change in contact area,
2. Pitch Diameter

This evaluation involves maintaining the same tooth pitch and changing the number of

teeth by increasing the pitch diameter. The pitch diameter was changed from the 2.5 inch
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baseline to 2.7 and 2.9 inches for the second and third evaluations. This changed the

baseline of 25 teeth to 27 for the second case and then to 29 teeth for the third case.

Referring to Figure 8.3, while there is the expected large increase in contact radius, the
spring rate is only slightly reduced by these changes. It is intcrcstiﬁg to notc that the
average surface radius increases somewhat significantly as well. The coaxial spline
model presented in Chapter 7 suggests that a change in the average surface radius would
have minimal effect on the fretting and wear characteristics, This is because théy assume
the curvature of the teeth surfaces to have perfect relative positioning with respect to each
other. As discussed earlier, due to deformation, the tooth surface is best evaluated as
being in complete contact. Intuitively, however, as the surfaces of the teeth approach that
of flat plates, their contact pressure can be expected to be more uniformly distributed,

potentially reducing any stress, fretting, or wear.
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Figure 8.3: Changing pitch diameter.

Once again, the minimum number of teeth in contact plays an important role in the

reduction of stress. Increasing the pitch diameter by 8% has no effect on the peak tooth
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stress, because the minimum number of teeth in contact is still one. Once the pitch
diameter is increased by 16% to 2.9 inches two teeth are in contact, and the maximum
contact pressure is decreased by 7%. This result is as expected for this application, since
the clutch limits the radial slip force that can act on the spline. When the slip force
significantly exceeds the torque driven through the spline, it becomes the major
contributor to tooth loading. The load on the teeth will be constant, therefore, as long as

the number of teeth in contact is constant, regardless of the pitch diameter.

Increasing the pitch diameter has a more consistent effect on the PV value. Increasing the
pitch diameter by 8% and 16% decreases the maximum PV value by 8% and 14%,
respectively. This is because, as discussed earlier, the maximum PV value occurs not

when one tooth is in contact, but when two are sharing the load.

3. Pressure Angle
All of the evaluations to this point have been made with a 30-degree pressure angle. The
other two standard involute spline angles are 37.5 and 45 degrees. At the two larger
pressure angles, the teeth become quite rigid, forcing contact at the base of the external

tooth. Their ability to maintain a good contact surface is minimal, and therefore, their use

should be avoided if possible.

4. Tooth Width
Changing the width of the tooth in the axial direction has a linear effect on the spring rate
of the teeth. As shown in Figure 8.4, there is no change in the maximum force unless the
number of teeth in contact changes. In the case of the .2 and .4 inch wide teeth, there is
only one tooth in contact. When the width is reduced to half of the baseline model, .1
inches, number of teeth in contact increases to two and the maximum force is reduced.
The maximum contact stress and maximum PV value also change linearly with the tooth
width, provided the contacts do not change. In the case of the baseline model, doubling
the tooth width cut the loads in half as well. If, however, more than one tooth were in

contact, the load reductions would not be as significant.
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Figure 8.4: Changing tooth width.

D. Material
1. Young’s Modulus
a. Identical Change For Both Internal and External Teeth

Young’s modulus can be substantial changed by using different materials. As shown in
Figure 8.5, changing the Young’s modulus on both gears at the same time has a
significant effect. The spring rate of the tooth is found to be proportional to the changes
in the Young’s modulus. The baseline model evaluation uses the Young’s modulus of
steel, 30(10%) psi. The subsequent two evaluations were done with Young’s modulus of
30(105) psi and 30(104) psi. These resulted in significant reductions of 58% and 80%,
respectively, in the maximum contact pressure. This reduction is similar to the reduction
in the maximum force, and can be completely attributed to the increase in the minimum
number of teeth in contact. The baseline model had one tooth in contact. Decreasing the
Young’s modulus by a factor of 10 brought three teeth into contact. Decreasing it further

by another factor of 10 meant that eight teeth were in contact.

124



140% -

120%

100%

80% —

60?/0 T

40%

% Of Baseline Values

- 0O1/10 Stesl

H_ W 1/100 Steel —

Maximum Contact  Maximum PV Maximum Force
Stress

20% +—

0%

Figure 8.5: Changing Young's modulus of both members.

The impact that changing the Young’s modulus had on the maximum PV value, however,
was mixed. The first decrease in the Young’s modulus, which resnlted in the number of
teeth in contact increasing from one to three, produced a 15% increase in the maximum
PV value. With further reduction of the Young’s modulus, however, the PV value
remained unchanged. The reason for this is, again, the number of teeth in contact. In the
baseline case, the maximum PV value occurs when two teeth are in contact. In the
second case, where the Young’s modulus is one-tenth that of steel, the maximum PV
value occurs when there are four teeth in contact. The PV value increases because, as the
fourth contacting tooth is added, the increase in velocity on one of the teeth is greater than
its decrease in surface pressure. When the Young’s modulus is further decreased to
30(10" psi, again, the contact pressure does not decrease faster than the velocity
increases with the additional teeth in contact. This results in the PV value remaining

nearly the same as that for the previous case.
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b. Independent Change for Internal and External Teeth
Having a different Young's modulus for the internal and external teeth may be a result of
an attempt to take advantage of the benefits of using dissimilar materials or a result of
manufacturing advantages. Figures 8.6 and 8.7 show the results obtained by changing the
Young's modulus of, first, the external teeth and second, the internal tecth. The changcs
were by a factor of 10, made in the same manner as in the previous section. In both cases,

these changes produced significant changes in the average surface radius.

This is a result of the deflection that takes place in the weaker tooth. 1f the external tooth
is weaker, it bends the most, resulting in a contact radius closer to its minor diameter.
The radius of the contacting surfaces also decreases. Young’s modulus reductions in the
internal tooth result in similar but opposite changes. In both cases, the spring rate of the
pair of teeth decreases substantially, but not as much as the decrease caused by changing

the Young’s modulus equally in both teeth.
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Figure 8.6: Changing Young’s modulus of external teeth.
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Figure 8.7 Changing Young’'s modulus of internal teeth.

As both of the preceding figures show, the resulting effect on the system of multiple teeth
is similar to that of changing the Young’s modulus of both teeth. The minimum number
of teeth in contact increases, decreasing the contact force and pressure. Changing the
material of the external teeth has a more significant effect than changes to the internal
teeth. Changing the Young’s modulus of the external teeth cause the number of teeth in
contact to increase from one to two to three with each order of reduction in the modulus.
These reductions produce a 43% and 57% reduction in contact pressure. The same
changes in the Young’s modulus of the internal teeth produce, at most, a minimum of two
teeth in contact and contact stress reductions of 24% and 36% for each order of

magnitude reduction in the Young’s modulus.
In each case, the average surface radius changes significantly as the weaker of the two

teeth accommodates all of the bending. The weaker tooth deforms, whereas its mating

surface is nearly unchanged.
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As for the maximum PV value, in the case of the internal tooth, this value is unchanged.
This is because it always occurs when two teeth are in contact. In the case of the external
tooth, once there is 2 minimum of three teeth in contact, at a Young’s modulus one one-
hundredth that of steel, the maximum PV value increases 13.5%. This maximum PV
value occurs when four teeth come into contact. Just as before, as 'morc tecth arc causcd

to come into contact, the relative speed is increasing faster than the load in decreasing.

2. Poisson’s Ratio
Poisson’s ratio is a key variable used in the calculation of the Hertz stress. But when Kp,
1s back-calculated to account for a smaller contact area, as explained in Chapter 7, the
contact stress is no longer a function of the material’s Poisson ratio. Therefore, changes

to Poison’s ratio have no effect on the model.

E. Wear of Teeth

With the exception of tooth-to-tooth variations in the circular tooth pitch, each tooth has
an equal opportunity to slide and wear on the opposing teeth. Because the teeth are
assumed to all be contacting on the same side, if the contacting surface were to wear, the
tooth-to-tooth pitch would remain unchanged. In a clutch, it is the radial force limit that
climinates the effects of wear. The wearing of the teeth does, however, reduce their
stiffness, allowing more deflection. This was determined to have a negligible effect,

however, and was not included in the model.

F. Tolerances

1. Angular Misalignment
Angular misalignment of the two splines results in contact at the axial edges of the teeth,
producing a stress concentration. If there are only a few teeth in contact, the result is
simple. Since the pair of contacting faces does not change, it is hypothesized that the
edge will wear consistently until the contact area becomes sufficiently large to support the
load without wear. It will eventually either (1) stop wearing or (2) distribute the load

across the entire tooth and wear as if it had zero angular misalignment. If there are more
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teeth in contact the problem becomes quite complex. In that case, continuous fretting or

wear action occurs.

2. Class of Fit
Initially, if the pitch were to change from tooth to tooth and multipic teeth were making
contact, the tooth with the higher surface would deflect more, taking more of the load and
reducing the load on the adjacent teeth. In doing so, the high tooth will wear until the
load is properly shared in the steady-state condition, as indicated in the coaxial .5piine
model. Changing the class of fit would present a similar solution to that produced by the

wear of the teeth.

G. Radial Slip Force and Torque

As explained earlier, in evaluating a spline applied to a clutch, there exists the ability for
the radial load on the teeth to be limited. The value of the limit becomes a functicn of the
torque and friction surface conditions of the clutch. The load on the teeth in a clutch,
therefore, is a direct result of the radial slip force and torque. The baseline model was
modified to evaluate the effect of the radial slip force. The results are shown in Figure

8.8.

Once the effect of the number of teeth in contact is taken into account, the contact stress
is found to be proportional to the slip force. In this model, reducing the force by half did
not change the number of teeth in contact, but it did cut the stress in half. Doubling the
slip force, however, required two teeth to make contact, producing only a 50% increase in
contact pressure. The PV value, on the other hand, is almost directly proportional o the

slip force.

If the torque in the spline were increased, the radial slip force for a clutch would have to
increase proportionaily as well. In the model, the radial slip force has the most influence
over the load on the tooth. Therefore, the effect of changing the applied torque is the

same as that of changing the radial slip force.
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Figure 8.8: Changing radial slip force.

H. Offset

The offset, or concentricity, of the two splines is actually a result of tolerances in the
application and is thought to be the most significant cause of wear or fretting of the teeth.
The baseline model has an offset of .010 inches. The key characteristics of the teeth were

evaluated at .005 and .020 inches of offset with the results shown in Figure 8.9.
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Figure 8.9: Changing offset.
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By reducing the concentricity by 50%, the contact stress decreased by 25%. This is a
result of the number of teeth in contact increasing from one to two. Doubling the offset,
however, to .020 inchesg, did not change the number of teeth in contact, and therefore had

no effect on the contact stress. The contact stress became a limit of the ability of the

cluich faces to slip.

The change in the PV value, however, was different than that of the contact stress.
Cutting the offset in half also reduced the PV value by half. When the offset was
doubled, however, the PV value increased by over 200%, demonstrating the significant

impact of the offset on this characteristic. The reason for the extra increase is most likely

due to the relative velocity of the tooth surfaces.

The offset is also the only variable evaluated that significantly affects the total sliding

amplitude. As can be seen in the above figure, the amplitude change is proportional to

that of the offset.

1. Rotation Speed

The speed of the rotation affects the frequency of the sliding action and is not a factor in
determining stresses and PV values. At 1800 rpm, the most common speed for
applications of this nature, the frequency of sliding is 30 hertz. Perhaps just as important
as the frequency is the distance between the contacting teeth during the cycle. When the
teeth are not in contact, the gap between them allows oxidation to occur more easily.
This may effectively increase the frequency that is required for oxidation to take place,
Another characteristic of a clutch application, not accounted for in this model, is that

when the teeth are in contact, the sliding in bi-directional.

J.  Optimum Design
Once the effects of various design changes are understood, this knowledge can be used to
optimize the design of a set of coaxial gears. Three key characteristics will be considered

in optimizing the design: contact stress, PV value, and sliding amplitude.
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1. Contact Stress Reduction
Significant factors in reducing the contact stress include the tooth width and amount of
slip force. Change in the slip force has a nearly linear effect on the stress. The tooth
width does as well, provided the number of eeth in contact remains unchanged.
Increasing the pitch diameter has a small effect, and only when the number of teeth in
contact can be increased. Increasing the number of teeth by increasing the pitch increased
the stress more than the pitch diameter. However, if changing the pitch does iﬁcrease the
number of teeth in contact, a fair reduction in stress can be achieved. Reductions in the

offset produce stress reductions slightly larger than those achieved by changes in the

pitch.

The most éffective factor in the contact stress reduction was the Young’s modulus.
Reducing the Young’s modulus in both members is the most effective means of reducing
stress. Changing the external tooth’s Young’s modulus is more effective than changing
the internal tooth’s material. Provided the materials do not significantly loose wear

resistance, reductions to the Young’s modulus may produce the most resistance to fretting

and wecar.

The variables are discussed in generalities here because they are highly interdependent.

One of the key factors in reducing the contact stress, however, is increasing the number of

teeth in contact.

2. Maximum PV Reduction
The maximum PV value response changes linearly with the slip force. It is also linear to
the tooth width if the number of contacts is consistent. The maximum PV value is nearly
linear to the amount of offset. Unlike the effect on maximum stress, changing the
Young’s modulus on either material seems to have only a small effect on the maximum

PV value. A change in the pitch has mixed results regarding the PV value ,depending on
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the number of teeth in contact. Any increases in the pitch diameter produce a fair

reduction in the maximum PV value.
3. Slip Amplitude Reduction

The only variable that has an effect on the slip amplitude is the offéet, and the relationship

between the two is linear.
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IxX. The Coupling Evaluation

A. Approach

The approach to the evaluation of splined couplings will be the similar to that used for
clutches in the previous chapter. In fact, some variables, including the pressure angle,
Poisson’s ratio, tooth width, angular misalignment, and rotational speed evaluations
produce the same results as in the clutch evaluation and need not be described again here.
The design parameters that do produce different effect for couplings than for clutches are
the pitch and pitch diameter, Young’s modulus, tolerances, torque applied, offset and

amount of wear.

B. Baseline Design

The baseline design for the coupling is the same as for the clutch with only two
exceptions. (1) Since the coupling is rigid, there will not be a ceiling on the radial force
produced by the spline loading. (2) The baseline evaluation of clutches was made with a
.010 inch shaft offset. It that offset were introduced to theoretically rigid splines, such as
those in couplings, the stresses would be unreascnably large, suggesting immediate

failure. The baseline for couplings, therefore, will have an offset of .004 inches.

C. Tooth Geometry

1. Pitch
The coupling was evaluated at the same pitches as the clutch, 10, 12 and 16 teeth per
inch, while maintaining the same pitch diameter of 2.5 inches. Results from this
evaluation are shown in Figure 9.1. The spring rate of the teeth and teeth surface radius
for each of the coupling evaluations are identical to those obtained in the clutch
evaluations. This is due to the fact that the offset has no effect on the response on the
individual tecth. The remaining resulls are nearly identical for the coupling as those for
the clutch. The increase in the number of tecth allows more teeth to make contact,

causing a decrease 1n contact stress. But when the same number of teeth are in contact
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and the total number of teeth increased, the stresses increase as well. The maximum PV

value follows this same trend.
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Figure 9.1: Changing pitch.

2. Pitch Diameter
Again, the pitch diameter is increased from 2.5 inches to 2.7 and 2.9 inches while
maintaining the same pitch of 10 teeth per inch. This results in an increase in the number

of teeth from 25 to 27 and 29, respectively.

Referring to Figure 9.2, the changes in contact radius, spring rate, and average surface
radius are again identical to those of the cluich evaluation. The maximum contact stress,
however, increases by 8% as the spline diameter goes from 2.5 to 2.7 inches. This
deviates from the performance of the clutch due to the fact that there is no clutch face
slipping in the coupling. The minimum number of teeth in contact, one, remains the
same as in the baseline, just as in the clutch. Once the diameter increases to 2.9 inches,
there are two teeth in contact, and the maximum contact stress decreases by 7% from that

resulting from the 2.7 inch pitch diameter. This change in diameter allowed the
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additional tooth to make contact, reducing the stress, although it is still higher than the

baseline 2.5 inch diameter.

120% j I
02.5inch .
L H2.7 inch ¢
- B29inch

115% -

110% 1

105%

100%

©

N

o~
|

% of Baseline Values

80% + —

85%

Contact Spring Average Maximum Maximum
Radius Rate Surface  Contact PV
Radius Stress

Figure 9.2: Changing pitch diameter.

Another difference between the clutch and the coupling is the maximum PV value
obtained. In the clutch, the PV value decreased by 14% when the pitch diameter is
increased from 2.5 to 2.9 inches. In the coupling, it increased by 1% This demonstrates
again that, as the pitch diameter increases, the load on the teeth due to their required

deflection increases at a significantly faster rate than the torque deercascs.

D. Material, Young's Modulus

1. Identical Change for Both Internal and External Teeth
Decreasing the Young’s modulus in the coupling has a slightly greater effect on reducing
the maximum contact stress than it does for the clutch. Figure 9.3 shows the stresses are
reduced by over 80% when there is a one hundred-to-one reduction in the Young's

modulus,
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The maximum PV value in the coupling, however, has a different response to changes in
the Young’s modulus than it had in the clutch. In the clutch, as the Young’s modulus
decreases, and the number of teeth in contact increase from one to three then eight. The
maximum PV value, however, increased when three teeth were in contact and remained
stable thereafter. In the coupling, the number of three teeth in contact romains the same
as for the clutch, but the maximum PV value occurs when three teeth are in contact, and
then drops when eight teeth are in contact. Close examination of the clutch data reveals a
slight reduction in the PV value by the increase in contact teeth from three to ei-ght. This,
along with the coupling results, is believed to be a subtle result ot changes in the number

of teeth in contact and the faster increase in velocity than decrease in pressure.
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Figure 9.3: Changing Young’s modulus of both members.

2. Independent Change for Internal and External Teeth
The reductions in stress due to a decreasing Young’s modulus are slightly larger in the
coupling than in the clutch, but only for the external teeth. Figure 9.4 and 9.5 show the
results of changing the external and internal teeth respectively. In the case of the internal

teeth, the clutch produces slightly more stress reduction.
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Figure 9.4: Changing Young’s modulus of external teeth.
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Figure 9.5: Changing Young’s modulus of internal teeth.

Both the internal and external splines in the coupling have the same number of teeth in
contact as they did in the clutch evaluation of Young’s modulus changes. The internal

teeth in the coupling experience very slight increases in the maximum PV value, whereas
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the PV value in the clutch remained constant. The maximum PV value in the external
tooth, however, fluctuates a small amount as the Young’s modulus decreases. This is

most likely due to the changing number of teeth in contact,

E. Wear of Teeth

The effect of the teeth wearing in the coupling is different than for the clutch. In the
clutch, the slip force limits the loading on the teeth, and it is the slip force that controls
that loading when the gap between the teeth changes. In the coupling, howevef, the gap
between the teeth is integral to their sharing of the load. Figures 7.13 and 7.14 of Chapter
7 demonstrate the effect of wear in a coupling. Initially, there are several teeth in contact.
As they wear, the teeth in contact reduce in number until only one remains. The
maximum load on the teeth also decreases significantly, because the spline is allowed to
rotate, reducing the amount of interference. The figures in Chapter 7 show the number of
teeth in contact starting at 13, with a maximum stress of 150 ksi. After .026 inches of

wear, there are only 3 teeth are in contact and the maximum stress is reduced to 7.1 ksi.

F. Class of Fit

The effect of changing the class of fit is identical to the effect wear has on the iceth.
Results obtained by decreasing the class of fit is shown in Figures 7.13 and 7.14 of
Chaprter 7. In the example, as the fit changes from .0083 inches to .001 inches, the
stresses increased from 88 ksi to 150 ksi. The number of teeth in contact increases as
well, from 7 to 21. The coaxial spline mode} demonstrates the advantages of a loose fit

for splines used in a coupling.

G. Torgue

In the coupling, as in the clutch, the change in maximum contact pressure between the
teeth is related to the torque driven through the splire. As shown in Figure 9.6, doubling
the torque increases the load, in this case by 50%. Doubling it again increases the stress

still more, but not proportionately. This is, again, related to the number of teeth in
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contact. Tust ag in the clutch, the maximum PV value is nearly linear with the increase in

torque.
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Figure 9.6: Changing torque.

H. Offset

The offset of the two splines can have the most significant impact on the life of the teeth,
just as in the clutch. Results of the evaluation are given in Figure 9.7. The evaluation of
the offset for a coupling rcveals some interesting results. When the offset is reduced from
004 to .002 inches, the stress decreases 24% and the maximum PV value is cut in half,
More importantly, the .002 inch offset is small enough so that the load is shared by at

least two teeth.

If, however, the offset were increased by .001 inches to .005, the stresses increase by a
factor of ten, and the maximum PV value is over 60 times greater. These increases are
caused by the forced displacement of the teeth. At the lower offsets, the gears

compensated for the misalignment by rotating. At larger offsets, gear rotation became

limited and the teeth were forced to deflect.
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Figure 9.7: Changing offset.
The offset is the only variable that contributes to the sliding amplitude, which increases

proportionally to increases in the offset. The coaxial spline model clearly demonstrates

the susceptibility of a rigid coupling to radial offsets.

I.  Optimum Design

As stated in the beginning of this chapter, several variahles have either no effect on the
results or have the same effect for couplings as for clutches. They include the pressure
angle and Poisson’s ratio. Additionally, just as in the clutch, changes to the width of the
tooth have a proportional effect on the contact stresses and maximum PV values, unless

the spring rates of the teeth change enough to allow a different number of teeth in contact.

Whereas the tightness of fit either from manufacturing tolerances or wear have no effect
on the clutch, they have a significant effect on the coupling design. If the fit is tight, more
teeth make contact and the stresses increase. In the interest of contact stresses, the looser
the spline fit the better. H, however the fit is tight when new, and the teeth do not fail by
fracture, their surfaces will wear until the loads are sufficiently distributed such that wear

Stops.
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The effects of the other variables are quite similar to those in the clutch. The one with the
greatest exception is the pitch diameter. In the clutch, as the pitch diameter increased, the
contact stress remained relatively constant or decreased, and the maximum PV value
decreased. The same changes in pitch diameter to the coupling prbduced slight increases
in both the contact stress and maximum PV value. The result of increasing the pitch, a
decrease in the PV value and increase in pressure if the number of teeth in contact remain
the same, is the same in both the coupling and the clutch. The material changeé, which
are the most effective, produce nearly identical results in each application as well. Any
change in the coupling’s torque produces a proportional change in the PV limit and a
related change in the maximum contact stress, just as the radial force does in the clutch.

Also, just as in the clutch, the more teeth that make contact the lower the surface loads.

The most significant variable in the coupling is the radial offset. Decreasing it by 50%
produced a 22% decrease in the stress and a 50% decrease in the maximum PV value.
The sliding amplitude was also reduced proportionally. But if the offset were increased
beyond .004 to .005 inches, the stresses and PV values grew exponentially. The offset,
therefore, can be the most detrimental element to the life and performance of a rigid

splined coupling.
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X. Summary

There have been many factors presented that influence the wear of spline teeth, and they
are associated with a wide variety of gear design, fatigue, and wear theories. While each
theory is unique, they do have common elements. The theories used in conjunction with
the results of the coaxial spline model, should provide a better understanding of and the

ability to improve, coaxial spline designs.

A. Type of Wear

The literature does not identify a direct relationship between the slip amplitude of gears
and wear. The results when slipping occurs, however, are well known and include
scoring and pitting. Outside of gear design, a major characteristic that determines the
type of wear which will occur is the slip amplitude. With slip amplitudes less than about
300 micromceters, the wear mechanism will be fretting, while with higher amplitudes it is
reciprocating wear. Below about 70 micrometers, fretting corrosion through oxidation
produces the only wear. Above 70 micrometers, both fretting wear and fretting corrosion
can occur. Fretting fatigue can either result in the fracture of the gear tooth or the
production of debris. The slip amplitude required for the fretting fatigue wear

mechanism to occur would be the same as that for fretting wear.

The use of fretting maps, as discussed in Chapter 5, can be quite useful in establishing the
effect of the slip amplitude. One outcome of the maps is the identification of the contact
region as stick, mixed stick-slip, gross slip, or reciprocating sliding. This can aid in
identifying the type of wear mechanism taking place. Results from the coaxial spline
model can be used in conjunction with fretting maps to establish the effectiveness of

changes to the design.

B. Wear Prediction

The life prediction models used for gears are of little use in evaluating coaxial splines for

two reasons. First, they rely on the existence of lubrication. Secondly, although they are
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the result of decades of experience, they are also focused on gear reducers with external
teeth. Two parameters used to determine scoring criteria for gear wear are load and

velocity. Should their product fall below a limit, scoring will not occur.

While true models have not yet been developed that predict fretting wear, there are
several observations that are useful. For example, it is usually found that the fretting
wear rate is nearly proportional to the load. Fretting fatigue theories do not address the

issue of wear either. The majority of the models predict crack behavior and effects on the

fatigue life diagram.

Reciprocating wear, on the other hand, has many published theories, including: Archard’s
wear theory, Equation (6.2); the PV limit model; the zero wear model; the delamination
theory, Equations (6.10) and (6.11); and the asperity deformation model, Equations (6.17)
and (6.19). The PV limit model is quite similar to the scoring criteria for gears. Both of

them are temperature related, one of lubricant, the other of plastic.

C. Stresses

The calculation used in standard gear design for gear tooth surface stresses , as shown in
Chapter 2, uses the Hertzian equations for contacting cylinders, Equations (2.1) through
(2.5). For mating internal and external spline teeth, however, this is not the correct
model. Instead, the model for cylinders within cylindrical sockets should be used,
Equations (7.18), (7.20), and (7.22). The coaxial spline model in Chapter 7 can be used
to determine the effect of centerline offset and sharing of the load by muitiple teeth due to

deflection. The model’s result, which is the load on each tooth, can be further used to

calculate the stress.

In fretting wear, corrosion, and fatigue, the amount of stress on the surface and the sliding
amplitude determine whether the surface sticks, sticks and slips, or completely slips. The
type of slip then determines the fretting mechanism. In fretting fatigue, it is the cyclic
stresses (hal determine crack nucleation and propagation. There are models predicting

these stresses and their effect on the fatigue stress diagram. Researchers, however, are
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finding the greatest decrease in fatigue life occurring when there is mixed stick and slip.
In the wear models, the wear is usually proportional to the load or a function of the shear

flow stress. Some of the simpler wear models use the load to a power greater than one.

D. Cocfficicnt of Iriction

The coefficient of friction between two surfaces in contact can significantly impact their
wear. In gear design, the use of lubricants is primarily to reduce oxidation of the
surfaces, but it also significantly reduces the coefficient of friction. Whereas the
coefticient of friction does not seem to have an impact on fretting wear or corrosion, it
can affect whether there is stick, slip, or both. Additionally, in fretting fatigue, crack
nucleation is most likely to occur when there is high adhesion, a result of friction. This
may occur either early in the life of the part, or when they are disassembled for inspection
and then reassembled. Chapter 6 describes numerous models for the coefficient of
friction in reciprocating wear under conditions of asperity deformation, adhesion,
plowing, wear, and cuiting. The wear and cutting models predict the wear rate along with

the coefficient of friction.

E. Adhesion

Adhesion is not a term typically used in gear design. It does, however, relate to fretting
and wear. Adhesion invelves material transfer or the production of debris. Sikorskii [47]
predicts it to be a function of the surface energies. As mentioned earlier, crack nucleation
is thought to occur at the time of maximum adhesion. The adhesion of asperities was

found to be a key element in the study of wear.

F. Abrasion

Abrasion, just as adhesion, plays an important role in the theories regarding wear,
Abrasion is the plastic deformation of asperities and the production of particles. These
particles cau then abrade the surface. There were no models for abrasion found,
however, Midlin [50] developed a model of elastic asperity deformation, Figure 3.1. In

gear applications, abrasion occurs at low speeds and high loads.
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G. Crack Initiation and Growth

Cracks can either lead to fatigue failure or debris production. At higher stresses and low
slip amplitudes, surface cracks are found. At the same high stresses and high slip
amplitudes, part fracture occurs. The delamination theory of Chapter 6 describes how
debris is produced after the cracks grow around hard particles. The cracks can grow,
through shear, to form sheets of debris. Even if the component does not fracture, it is the

initiation and growth of cracks that contribute o the surface wear.

H. Severe Wear

Severe wear can only occur if the oxide layer is removed and the core material is
sufficiently soft. It is a function of load, and produces an increase in the wear rate of up
to two orders of magnitude. Observations of severe wear shows that it occurs when the

load is between two limits. Increasing the material hardness reduces the range of the

load. The initial wear rate of two surfaces is severe wear, after which the wear either

becomes mild or remains severe.

I. Parameters

1. Sliding Amplitude
Reductions in the sliding amplitude not only reduce the amount of work performed, they
can change the type of wear mechanism, as stated earlier. The lowest sliding amplitude
range, that involving stick, produces no wear and is most favorable. The next range is

stick-slip which produces the greatest reduction in fatigue life. Higher sliding amplitudes

produce slip, gross slip and reciprocating sliding.

The sliding amplitude for the coaxial spline model is linear with the offset of the shafts,

making the identification of type of wear quite simple.

2. Material

One of the easiest ways to reduce fretting and wear is to change materials. In gear design
this is often accomplished through harder or less abrasive surface treatments. Harder

materials have been found to better withstand both fretting and abrasive wear. Their
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stress concentrations in the stick-slip regions, however, can be detrimental with respect to
fretting fatigue. In fretting corrosion, it is the hardness of the oxidized particle itself that

is of interest, as it may eventually interact with the two surfaces.

Wear theories suggest that the crystal structure is important, as hexagonal mateiials have
lower adhesive wear than body or face-centered cubic materials. Chapter 6 identifies
scveral chemical elements that can be added to the material to impact the wear of the
material. The use of identical or similar materials has mixed results. Their adhesion is
usually higher, but if their hardness and surface finish are different, wear reductions can

be achieved.

The coaxial spline model identified the Young’s modulus of the material as an effective
contributor to the deflection and sharing of the loads by the teeth. A reduction allows the

contact stresses and maximum PV values to decrease, possibly reducing the wear rate.

3. Surface Finish
Surface finish plays an important role in gears as it usually effects the function of the
lubricants. If one surface is rougher than the other, they will eventually wear to the same
level of roughness. In fretting wear, however, a hard rough surface is beneficial, as it
allows a place for debris to collect without causing future damage. If the debris is
allowed to oxidize, however, the benefit is lost. To reduce fretting fatigue of dry

surfaces, Hoeppner [67] recommends a finish of less than 16 or greater than 63

microinches.

4. Environment
Temperature and humidity have been identified as less important parameters in gear tooth
wear. That is, with the exception of the effect of temperatures on lubricant. In
reciprocating wear and fretting fatigue, they are not critical factors cither. In fretting
corrosion, however, temperature and humidity play an important role. A ten percent

humidity level is the mnost detrimental to fretting wear and corrosion. As for temperature,
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the effect becomes increasingly severe as the temperature falls below 50 C. Damage also

increases as temperatures goes from 70 C to 150 C.

5. Cycles
In gear design, scoring occurs first, and then pitting is said to occur after 20,000 to
500,000 cycles. There are mixed opinions regarding the type of wear that occurs in the
carly stages. It is debated as to whether severe wear occurs ur not. In fretiing farigue,
cycles do not have a significant effect on the life. It is observed, however, that the
growlh rate of the crack decreases as it moves further from the surface, due to the
decreasing effect of the surface stresses. In reciprocating wear theories, the number of

cycles has not been identified as an influencing parameter.

6. Slip Speed
A key wear parameter for gears is speed. Higher speed increases the possibility of
scoring the surfaces. In review of the theories, the relative speed of the surfaces does not

seem to have an effect on fretting wear, corrosion, or fatigue.

7. Contact Area
While a larger contact area reduces the contact stresses, it also creates more of an
opportunity for wear particles to become trapped, producing plowing wear. In the case of
gear teeth, this is less of an issue because the teeth are not always in contact, allowing

particles to freely escape.

s. Cycle Frequency
The cycle rate of sliding only has an effect on fretting wear and corrosion. With mild
steel, the wear decreases as the frequency increases from 0 to 30 hertz. At frequencics
over 30 hertz oxides no longer affect the wear rate. In the case of coaxial splines, the
minimum frequency at which the oxides are effective may increase due w the extended
time that the teeth surfaces are not in contact. Thirty hertz, 1800 rpm, is the speed of the
most motors. This suggests that the frequency produced in the majority of the direct

motor drive applications, as well as those with a speed reducer, is of significance.
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J. Testing

The rules typically used for gear design are based on test results for lubricated gear sets.
These results are not necessarily applicable to dry coaxial splines. Love [28] performed
actual testing of splined axle shafts that produced a varicty of results. Ile attributes the
mixed results to possible variations in the test. If variations are eliminated, more
consistent test results would be expected. Duiing the testing of the splines, the control
parameters would include pressure, slip amplitude, frequency, temperature, humidity,
residual stresses as well as others. This could present a challenge as the amplitude of the

slip and load at the joint are some of the most difficult quantities to measure in a test.

Once adequate testing capability is established, testing of specific materials and
conditions can be performed. The results can then be plotted on fretting maps and
compared to the evaluations made with the coaxial spline model. Improvements can then

be predicted.

K. Clutches and Couplings

Chapters 8 and 9 outline the findings of the coaxial spline model for clutches and
couplings, respectively. Each of these power transmission components were evaluated in
light of various geometry, material and application parameters. Computed results
included the contact stress, pressure velocity product, and sliding amplitude. In the
clutch, the largest reduction in contact stresses was obtained by reducing the Young’s
modulus. Increasing the pitch diameter, however, was the most effective means of
reducing the maximum PV value. In the coupling, the greatest reduction in the contact
stress was also achieved through the reduction of the Young’s modulus. And in both the
clutch and the coupling, the sliding distance was a direct function of the offsct, and the

sliding speed was proportional to the speed of rotation.
For the coupling, it was the offset of the splines that had the greatest impact, in that once

a limit was exceeded, the loads increased exponentially. For the clutch, the radial slip

force influenced the loads the most. In both cases, the best method of reducing the
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contact stress and maximum PV value is by increasing the number of teeth in contact.
Whenever this happens, the loads decrease. The coaxial spline model can be used to
predict how many teeth will make contact, their contact stresses, maximum PV valuc, and

sliding distance. These are the key elements which are then used to predict fretting and

wear.
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XI. Conclusions

Gear design is an old art centered on empirical information, and its standards are
typically written for gear reducers with external teeth on both gears. These standards
generally assume the use of a lubricant and cite lubricant temperature as a key factor in

wear resistance.

The wear which takes place when the teeth make contact is either fretting wear, fretting
corrosion, fretting fatigue, or reciprocating wear. For sliding amplitudes less than about
70 micrometers, fretting corrosion occurs. Displacements between about 70 to 300
micrometers produce fretting wear, fretting corrosion, and fretting fatigue. Reciprocating
wear best describes the wear if displacements are over 300 micrometers. The model of
the PV limit, in wear predictions, is nearly identical to the gear design scoring factor.
Both are products of the pressure and velocity. Both are also temperature-limited, one of

oil, the other plastic.

A coaxial spline model was developed to predict the interaction and key engineering
properties of the gear teeth when loads, offsets, manufacturing tolerances, and wear are
imposed. The model was used to calculate contact stresses, maximum PV values, and
sliding amplitudes. Evaluations were made for both a clutch and a coupling. It is the
radial force limit in the clutch that has the greatest impact on the teeth contact stresses,
while in the coupling it is the amount of radial offset. In both cascs, the greatest

improvement was seen when additional teeth were brought into contact. This is most

easily accomplished by reducing the Young’s modulus of the material.

It has been found that key variables in many of the models presented in this paper are
contact stress and PV values. These properties, when obtained from the coaxial spline
model, can be evaluated in terms of the applicable fretting and wear theories to better

understand and improve the design of coaxial splines.
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Appendix

A. TK Solver™ Program for Calculation of Gear Tooth Deflection

152



Sta  tnput Name Cutlput Unit  Comment
| ; ! i Coaxial spline tooth deflections
1/1998, Frank Bohm
] | Version 1.0
! i
L 25 N Numbecr of tecth
L 10 Pd 1in Pitch
L 30 ¢ deg Pressure angle
L 1.4 b in ! Tooth Width
H i i 1
L 1100 F ; i lbs | Force ontooth
i : | .
! ANALYSIS PARAMETERS
100 in Number of incriments
.001 T_Aspect Tooth display aspect ratio
INTERNAL TOOTH
L 27 IntMajDia in | Major diameter
iL | 3ET IntE {psi | Young's Modulus
: : i ! EXTERNAL TOOTH
! | ExtA | 233166987183 | | Constant
L i.15708 : Ext_tp \ lin i Circuiar tooth space at pilch diameter
L {2299 | ExMinL@ | lin | Minor diameter
L '3aE7 | ExtE ! i psi Young's Modulus
i | ‘; !
! ! Rp {128 Iin Pitch Radius
. BaseDia | 2168506350948 | in Spline Base Diametar
Ly 7.2 ! deg | Angle between teeth
L i 201 Lin Tooth Length
| f |
L ! | intR 506813828042 | in Internal tooth radius
L D ExtR 506776545207 | in Extermal tooth radius
iL Movement_angle | .000284643507 | dey | Angle of movement due 1 defliection
L Spring_rate 15,798,324 Ibs/in | Spring rate of tooth
: FORCE BALANCE - Adjust rF to egual riC
s 1.2725 | 1F i in Radius where force is applied
'L i rC | 1.27412 in ' Radius where contact is made
‘nC i 38 : Node where contact is made
il | 38 i | Neares! node where the force is placed
error ;00162 I in I Error in force location to contact location
! nextrF

i 1.272824

Variable Sheert

T_BENDPR.TKW
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5t Rule
i1 Rp=N/2/Pd; Pitch Radius
| L=(IntMa]Dia-ExtMinDia)iz; Tooth Langth - Assuming longer tooth
| w=360/N/2; Angle between teeth

BaseDia=Rp*2*cos(d)

ExtA=2"(Ext_tp/2/Rp+an{d)-o); Constant

CALL INTEG_FOR_Ex{(L,n,ExtA BaseDia/2,b,F,iFY; External tooth

CALL lNTEG_FOR_lnt(L.n.ExtA.BaseDiaIZ,b,F,rF;nC,MovemenLangle); Internal tooth

rreeeer o Curvature of teeth surfaces

call Radius_of_curve{rC-L/n,rC rC+L/n,elt(Ext _edge 1_angle,nC-1.0)*elt('r,nC-1,0) elt{'Ext, _edge_1_angle,nC,0)elt{'r,nC.,0)

elt’Ext_edge_1_angle.nC+1,0)"eit{'r,nC+1.0),1; ExIR)

cali Radius_of_curve{rC-L/n,rC.rC+Lin,eli(Inl_edge_1_angle,nG-1 ) eltfr,nC-1.0),elt(int_edge_1_angle.nC.0)"elt{'r,nC.0),

' sit('int_edge_1_angle,nC+1,0)*elt('r,nC+1 .0).7:IntR)

rC="r{nC]

NE=INT(n-{r--ExtMinDias2)/(Lin)}

error=abs(rC-rf)

o=

Spring_rate=F/Movement_angle/rC

S nextrF=rF+2"(rC-rF}

Ruie Sheet T_BENDPR . TKW
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Comment:

Parametar Variahieg- IntEz, ExtMinDia,T_Aspact,y

Input Variables: Ln.ARb,b FrF

Qutput Variables: contact Movement_angle

St Statement

Szl

FORi=1ton
x=l-i*iin
rex+ExtMinDia/2

| lat_x[i]=x

O Int_miil=(SGN({F-n-1)}2*(rF-r)"F

sum=x"{x*3+4"x*2"Rb+5"x*Rb*2+2*Rb*3}
'Int_h2_arc[i]=2"y"pi{) 180" r-{A"(x+Rb}+2*{x+Rb)"acos{Rbi{(x+Rb}}}

IF sum>Q THEN 'Int_h2_arcli]=2"y"pi(}/180"r-{A™(x+Rb)-2/Rb"sqr({x*(x"3+4*x*2*Rb+5"x*Rb*2+2*Rb"3))+2*(x+Rb)"acos{Rb/(x+Rb)})
'tnt_h_dxii}=r"{1-cos{'int_h2_arcli}/2/r))
x=x+'Int_h_dx[i]; Adjust x for curvature in tooth
IF x> THEN x=I|

sum=x"{x*3+4"x*2*Rb+5"x*Rb"2+2*Rb*3)
‘Int_n_arc[i]=2"y"pi{)/180"r-{A™{x+Rb)+2*(x+Rb)"acos(Rb/(x+Rb}})

IF sum>0 THEN 'Int_h_arc{i}=2*y"pi()/180“r-{A*{x+Rb)-2/Rb*sqri(x" (x*3+4*x*2"Rb+5"x"Rb*2+2"Rb"3))+2* (x+Rb)"acos(Rb/(x+Rb))}
‘Int_hff]=2-(ExtMinDiarz+x) sin{int_n_arcil)/2/(ExiMinGlas2+x))
‘Int_I[i]=b/12"'Int_h{i]*3
Ci=C1-'Int_m{i]rInt_i[i*¥n; First Constant for defl=0 at x=L

NEXT

Initiai Conditions, i=n
'Int_sum_integ_1[n]='Int_m{n}nt_l[n}*Iin
'Int_smag_integ_2{n}="Int_sum_integ_1[n]+C1
‘Int_sum_integ_2{n}="tnt_mag_integ,_2[n]*l/n

FORi=n-1to 1 STEP -1

‘Int_sum_integ_1[i]="int_sum_integ_ 1[i+1]+'Imt_m[i}/Int_[{i]*I/n

'Int_mag_integ_2[i]='Int_sum_integ_1{]+C1 i

'Int_sum_integ_2[i]="Int_sum_integ_2[i+1]+'Int_mag_integ_2[i}*I’n
NEXT

FORi=ziton
‘Int_y[i]=-"Int_sum_integ_2[f/IntE+'Int_sum_integ_2[1)/IME
"int_h2_angteli]="Int_h2_arc{i]"ri]

. 'Int_y_anglefii=atan('Int_y[il{i]); Edge deflection

i 'Int_edge_1_angle[i]='int_y_angle[i}+'nt_h2_angle[i}/2

! Int_edge_1_angle_displayli]='Int_y_anglefil+'Int_h2_angle[il/2*T_Aspect !

I NEXT

: Find point of contact :

i Fori=1ton !
‘Deita_yli]='"Ext_edge_1_angleli]-Int_edge_1_angle[i]
'Delta_y_display[i]='Ext_edge_1_angle_display[i]-Int_edge_1_angle_display]i]

NEXT

i minimum=MIN{'Delta_y)

i minimum_display=MIN('Delta_y_display}

; contact=1

PROCEDURE: INTEG_FOR_Int T_BENDPR. TKW
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St Statement

{ Fori=1ton

'tnt_edge_1_anglefil='Int_edge_1 _anyglefij+mintmum

'Int_edge_1_a ngle_display[ii:‘lm_edgej_angIe_displayIi]+minimum_display

int_edge, 2_anglefil="Int_edge_1 _anglefi-Int_h2_angleli]

'InLedge_2_angIe_dispiay[i]:'lnt_edge_1 _angle_display[l-Int_h2_angle[i]'T Aspect

In, _y_angle_display[i]:'lnt_edge_1_angte_display[i]n'2+‘Int__edge_zhangte_display[iIIZ

‘Delta _y_angIe[i]='Ex|_edge_1__angIeﬁ]—'lnl_edge_1_ang|e{i]

If 'Delta_y_angle[i]<=MlN('DeIta_y_angle) then contact=i

‘Deita_y[f)="Dalta_y_anglefi]"{]*1000000

| NEXT

| Movement_angte=-Int L y_angle[contact]+'Ext _Yy_angle[contact)

RETURN

PROCEDURE: INTEG_FOR_Int T_BENDPR.TEW
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Comment;
Parameter Variables: ExtE.ExtMinDia, T_Aspect

Input Variables: L.nARb.b.F.IF
Culput Variables:

St

Statement

C1=0

FORi=1tan

x=ifnt

“ril=ExtMinDia/2+-x

'Ext_x([i]=x

Ext_m[i}=(SGN(F-{i])+ 1)/ 2~{rE-[i[)'F

'Ext_h2_arc[i]=A'(l-x+Rb)~21Rb'sqrt((I-x)‘((I~x)"3+4'(I-x)"2"Rb+5'(I—x)‘Rb"2+2‘Rb"S))+2'(I-x+Rb)‘acos(RbI{i-x+Rb))

'Extqh_dx[i]:'t{i]'(‘l-cos('Ext_hZ_arc[i]th‘r[i])); fixed

x=x='Ext_h_dx[i}; Adjust x far atirvature in tooth
'Ex!_h_ﬁrc[i]:(A'(I-x+Rb)-2.’Rb‘sqrt((l—x)'((F-x)"3+4“{i-x)“2'Rb+5‘(i-x)'Rb"2+2'Rb"3))+2'(I-x+Rb)'acos(RbI(I-x+Rb)))
| 'Ext_h[i]=2'(EleinDia.'2+I-x)‘sin(’Ext_h_arc[i].'zl(ExtMEnDiaIZ+|-x)); fixed
: ‘Ext_I[i]l=b/12*"Ext_h[i}*3; Area morment of inertia
C1=C1-'Ext_mifilfExt_[i]"lin: Fiest constant for defl = D agx = L
NEXT

Initial Conditions, i=1

'Ext_sum_integ_1[1 J="Ext_m{1}'Ext_I[1]"Vn

'Ext_mag_integ_2[1]=’Ext_sum_imeg_‘[[?}+C1

‘Ext_sum_integ_2[1}=' Ext_mag_integ_2[1]‘lin

FGRi=Zton

‘Ext_sum_integ_1[il='"Ext_sum_integ_1{i-1 J+'Ext_m[ilr Ext_i[i]"m

'Ext_mag__imeg_Z[E]:'Ext_sum_inleg_1 {i+C1

'Ext_sum_integ_2[i}:’Exl_sum_imeg_z[i-1 J+'Ext_mag_integ_2[i]*l/n

I NEXT
! {Fori=lton
! 'Exl____v[i]:'Ext_sum_integ_?[i]fotE-'Ext_curn_inzeg_z[n]lExtE; Centerling deflection
"Ext_h2_angle[i]='"Ext_h2_arc[i}/{7]
‘Ext_y_anglefil=atan{'Ext_y[i}'r{i}); Edge deflection

‘Ext_edge_1_angie[i]="Ext _y, . angte(il-"Ext_h2_angle[ij/2

‘Ext_cdge_2_angle[i}~'Ext_h2_a ngiefi]+Exy_eage_3j_angleli]

'Ext_edge_t_angle_display[i]='Ext _y_angle(il-Ext_h2_angle[i]'T_Aspect/2

‘Ex!_edge_2_ang Ie_disp%ay[i]:'Ex%_hZ_angIe[i}'T_Aspect-;-'Ext_edgeJ_a ngle_display[i}

NEXT

RETURN

PROCEDURE: INTEG_FOR_Ext T_BENDPR. TKW
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Comment:

Parameter Variables:

input Variables: x1.x2,x3,y1.y2.y3.n
Output Variables: R

St Statement

| m12=(y2-y1)/(x2-x1). _ slope between first two points

m23={y3-y2)/(x3-x2}; slope between second two points

b12=y2-m12*x2; intercept of first two points
b23=y2-m23*x2; intercept of second two points
| x123(x1+x2)/2; midpoint between first two paints
| y12=(y14+y2)/2; midpoint between first two points
X23=(x3+x2)/2; midpoint between second two points
| y23=(y3+y2)2; midpoint between second two paints
{ IF m12<>0 THEN mp12=-1/m12 ELSE mp12=1e50; slope of first two point's radius
I IF m23<>0 THEN mp23=-1/m23 ELSE mp23=1g50; slope of second two point's radius

| bp12=y12-mp12*x12: intercent of first two point's radius

: bp23=y23-mp23*x23; intercept of second two poin{'s radius

| if mp12-mp23<>0 then x¢=(bp23-bp12)/(mp12-mp23) else xc=99999999993;  center of curve

i yommpi2Txerbp12; center uf curve

R=sqr{(x1-xc)"2+{y1-yc)"2)

i placef'xr,n=x1

place{'xr.n+1)=x2

| place{'xr,n+2)=x3

place{'xr,n+3)=x23

place('xr.n+4)=xc

place(’xr,n+5)=x12

| placa('yr.nj=y1

place('yr.ne1}=y2

! place('yr.n+2)=y3

place('yr,n+3)=y23

plave{'ye i+d =yc

| place{'yrn+5)=y12

PROCEDURE: Radius_of_curve T_BENDPR.TKW
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