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ABSTRACT

A method to estimate the fatigue life of a component subjected to variable
amplitude multiaxial loading has been developed. It is based upon an
extension of the strain-life approach which achieved success in correlating the
tatigue lives of components subjected to uniaxial variable ampiitude loading. In
additicn, it incorporates multiaxial damage models that relate fatigue damage to
remote loading parameters. A computer model was developed to implement
the proposed method.

Measured or estimated strain histories are used as input in the method.
Carresponding stress lhistories are calculated using a nonproportional cyclic
plasticity model. Damage is calculated using the stress and strain histories and
the multiaxial damage models. The plane experiencing the maximum damage
is identified as the critical plane and the fatigue life of the component is
estimated from the damage calculations on this plane.

Experimental test results were used to verify and evaluate the proposed
method. The measured stress-strain response of thin wall tubes loaded in
combined tension and torsion was used to verily the nenproporticnal cyciic
plasticity model. Good correlation between predicted and measured responses
was observed. Results from tests conducted on SAE 1045 steel compenents,
loaded in bending, proportional bending and torsion, and nonpropertional
bending and torsion, were used to evaluate the overall method. Again, good
correlation between predicted and actual fatigue lives was achieved.

The computer model was also used to gain a better understanding of the

loca!l stress and strain states developed under nonproportional cyclic multiaxial
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loading and the effects of this loading on fatigue life. Observations and

examples leading to this increased understanding are presented.
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1. INTRODUCTION AND OBJECTIVE

Engineering components are often subjected to complicated states of
stress and strain. Complex stress states--stress states in which the three
principal stresses are nonproportional or whose directions change during a
loading cycle--very cften occur at geometric discontinuities such as notches or
joint connections. Fatigue under these conditions, termed multiaxial fatigue, is
important both from the viewpoint of the original design and from the need to
evaluate or assess the fatigue lite of a component once in service. It is an
important consideration for the reliable operation and optimization of
engineering components and structures.

The objective of this research has been to develop and implement a
method for estimating the fatigue life of a component subjected to variable
amplitude multiaxial loading. Specifically, the aim has been to assess the
variable amplitude multiaxial fatigue life using strain information, obtained
either experimentally or analytically, as input.

A proposed methodology has been developed to meet this objective. It is
based upon an extension of the uniaxial variable amplitude fatigue life
prediction method which is reviewed in Chapter 2. incorporated in the
proposed method are damage models which have been developed as a result
of recent multiaxial fatigue research. These damage models, which relate the
fatigue damage to bulk loading parameters, are also discussed in Chapter 2.

Chapter 3 provides the details of the proposed methodology, as well as a
description of the computer code written to implement the procedure. From the
measured or estimated strain histories, corresponding stress histories must be
predicted for use in the damage modeis. This requires a cyclic nonproportional
plasticity model. Details of the plasticity model are given in this chapter. From

the stress and strain histories, the damage on each plane is calculated using



the multiaxial damage models. The plane experiencing the maximum damage
is identified as the critical plane for the nucleation and early growth of fatigue
cracks. The fatigue life of the component is then predicted using the damage
calculations on this plane. Details of the method and the manner of
implementation are provided.

Experimental tests results have been used to verity the computer program
and evaluate the proposed method. Results obtained from tests of thin wall
tubes subjected to tension and torsion are used to verify the plasficity modet.
SAE 1045 steel components, tested in bending, proportional bending and
torsion, and nenproportional bending and torsion, have been used to evaluate
the method. Details of the experimental procedures, materials, and test results
are given in Chapter 4. Strain histories obtained in these tests have been used
as input into the computer code. The estimated fatigue lives obtained from the
computer code have then been compared to the experimental values. Results
of the analyses are presented in Chapter 5. An evaluation of the methodology,
as well as general comments and observations, are discussed.

In addition to allowing an evaluation of the proposed method to be made,
the computer code allowed example loading cases {0 be studied in order to
better understand the local stress and strain states developed under
nonpropertional cyclic multiaxial loading and the effects on fatigue life
predictions. Observations and examples leading to this increased

understanding are provided in Chapter €.

Finally, the major conclusions and observations made in this work are

summarized in Chapter 7.



2. BACKGROUND

Current research has led to an increased understanding of the behavior of
materials subjected to multiaxial loading. Along with the knowledge gained in
the study of uniaxial variable amplitude fatigue, this understanding provides a
basis from which to attempt to develop a variable amplitude multiaxial fatigue
lite prediction method. This chapter presenis a review of the background
pertinent to the development of such a method.

First, a very briet review of the strain-life approach is presented. This
approach was successfully used to estimate the fatigue lives of components
subjected to uniaxial variable amplitude loading. A summary of observations
made of material behavior developed under multiaxial loading is then given.
Multiaxial damage medels are subsequently discussed and compared in light of
this understanding. Finally, a brief discussion is presented on suggested

variable amplitude multiaxial fatigue life prediction approaches.

2.1 Uniaxial Variable Amplitude Fatigue Life Estimations

tn the mid 1970's, techniques were developed and relative success was
achieved in estimating the fatigue tives of components subjected to uniaxial
variable amplitude loading using the strain-life approach. Ref [2.1] is a
compendium of ten papers that compares the results of life predicticns to
experimental uniaxial variable amplitude fatigue data.

A schematic outline of the information needed in a strain-life approach is

presented in Fig. 2.1. Basically, the following items are needed:



1. Material properties
Loading information

Component geometry

A 0N

Analysis techniques

The strain-life approach has gained acceptance as a useful fatigue life
estimation method, and information and discussion concerning each of these
four items may be found in the literature. Both the American Society for Testing
and Materials (ASTM) and the Society of Automotive Engineers (SAE) have
recommended procedures and practices for conducting strain-controlled tests
and using this data to predict fatigue life [2.2-2.4]. |

Because the strain-life method has achieved relatively goad success in
predicting the fatigue lives of components subjected to uniaxial variable
amplitude loading, it provides a reasonable basis from which to attempt 10
develop a multiaxial variable amplitude fatigue life estimation procedure. An
understanding of multiaxial material response, as well as methods to relate the
multiaxial damage to the applied loading, are also required in the attempt to

extend this theory. These topics are discussed in the following section.

2.2 Multiaxial Fatigue
2.2.1 Introduction
A primary consideration in the development of multiaxial fatigue
damage models is the need to reconcile the analytical approaches with
cbserved material behavior. The following section first presents observations of
material behavior under multiaxial loading, including the stress-strain response
of materials loaded nonproportionally as well as the observed fatigue damage

in materials subjected to tension, torsion, and combined loading. Proposed



multiaxial damage models and theories are then discussed and compared in

light of these observations.

222 Observed Material Behavior
2.2.21 Stress-Strain Response

Researchers and engineers initially thought that
components subjected to proportional loading would exhibit shorter fatigue
lives than components loaded nonproportionally. In other words, it was thought
that proportional loading was more damaging than nonproportional loading.
Neglecting a phase diiference between normal and shear stresses or strains
was therefore thought to be a conservative approach. Results of more recent
tests show that this is usually only true for components tested in load control
[2.5,2.6]. Resuits of combined tension-torsion strain-contrclled tests have
shown that out-of-phase loading (the peak shear strain lags or leads the peak
tensile strain by some phase angle), especially at high load levels, is more
damaging than in-phase loading. Kanazawa {2.7] was one of the first to report
that a phase angle of 90 degrees gave the shortest fatigue lives, while in-phase
cyclic straining resulted in the longest fatigue lives when tested at the same
maximum shear strain range.

The reason for this difference between strain controlled and load
controlled tests can be explained by the nonproportional hardening exhibited
by many materials as described below.

The stress-strain response of a material subjected to multiaxial loading
may differ dramatically from the uniaxial stress-strain response. A significant
increase in hardening is observed for some materials when loaded
nonproportionally. This phenomenon, termed nonproportional hardening, is an

increase in the cyclically stable stress response for a material loaded



nonproportionally compared to the uniaxial cyclically stable stress response
when loaded to the same effective strain level. _

Initially, Kanazawa et al., [2.7] attributed this increase in hardening to an
increase in dislocation interactions. However, they made no mention that the
amount of hardening was material dependent. Recent work has been done that
shows that the stress response of a material tested under nonproportional
loading depends upon the dislocation substructure formed [2.8-2.10]. The type
of dislocation substructure formed is, in turn, material dependent. Materials
such as stainless steels and copper show a 30-50% increase in the stable
stress response compared to the uniaxial or torsional stress response, while
materials such as pure aluminum and 7075 aluminum exhibit little
nonproportional hardening.

The reason for this material dependency can be traced to the ease of cross
slip [2.8]. In materials such as stainless steel and copper, where cross slip is
difficuit (wavy or wavy/planar slip materials), single slip structures form under
uniaxial loading. When the loading remains proportional, and the major slip
plane remains fixed, the amount of secondary slip depends upon the applied
strain range. As the strain range increases, the amount of secondary slip
increases and the dislocation substructure changes to a multi-slip structure
(such as dislocation cells and labrynths). in addition, if the loading is non-
proportional, the maximum shear planes are no longer fixed, but rotate. This
activates more slip systems and a mutti-slip response is observed at a strain
level where only single slip was observed for uniaxial loading. This brings
about an increased hardening or an increase in the stress response for
nonproportional loading. Alternatively, materials such as pure aluminum and
aluminum alloys do not show much nonproportional hardening. These

materials form multi-slip structures under both proportional and nonproporticnal



loading since cross slip is easy. Thus these materials form similar dislocation
substructures (dipoles and cells) under both types of loading and no major
difference in the stress response is observed between the loading cases.

in summary, materials which can cross slip easily (materials with a high
stacking fault energy--planar slip materials), form multi-slip structures under
both proportional and nonpropertional loading. Thus nc nonproportional
hardening is observed. Materials where cross siip is difficult (low stacking fault
energy materials--wavy and wavy/planar slip materials) form single slip
structures under proportional loading and muiti-slip structures under
nonproportional loading. These materials exhibit a significant increase in the
stable stress response when loaded nonproportionally and exhibit a stress
response that is more sensitive 1o the loading path.

This increase in stable siress response can significantly affect the tatigue
life of & component subjected to nonproportional strain controlled ioading. A
successful multiaxial damage model must be able to incorporate this effect. The
capabilities of various damage models, including the ability to incorporate this

response are discussed in Section 2.2.3.

2.2.2.2 Fatigue Damage Development

Fatigue is a complicated metallurgical process. It is very
difficult to accurately describe and model this process in detail as evidenced by
the wealth of literature on this subject. Even a widely accepted definition of
fatigue damage is not available. Despite these complexities, fatigue damage
assessment for the design and analysis of structures and components must be
made. The following section presents a brief discussion of fatigue damage and
reviews one aspect of this damage by presenting observations of cracking in

different materials. These observations can then be used to evaluate the ability



of the multiaxial fatigue damage models, presented in the following section, to

reconcile life prediction methods with physically observed damage.

2.2.2.2.1 Fatigue Damage

The question "What is fatigue damage?" was
recently asked to researchers and engineers attending a conference on fatigue
mechanisms [2.11]. A wide variety of definitions and responses were
expressed. Some of the definitions of fatigue damage given were related to
metallurgical processes such as irreversible slip that nucleates a crack, the
formation of persistent slip bands (PSB's), the development of intrusions and
extrusions and surface roughness, and the development of damage at grain
boundaries (such as cavity formation). Other definitions were related to the load
carrying capability of the component or structure. Among these were a
reduction in the service life (or fraction of life expended), the lack of ability to
‘carry design loads, and finally the change in a material resulting from cyclic
loads which reduces its ability to perform its intended function.

The definitions in either of these categories may be more applicable under
different situations and applications. Relating the fatigue life or fatigue damage
to microstructural changes requires a method to measure these changes. This
often requires sophisticated equipment and/or a laboratory environment.
Consequently, for the engineer or designer interested in damage assessment
or fatigue life prediction for the design or reliability of structures and
components, the definitions in the second category may be more useful.
However, an understanding of the initiation and growth of microcracks is
important in the development of multiaxial damage models. Continuum
approaches, such as the strain-life approach, which relate fatigue damage to

the stresses and strains in the critical location, must reflect the physical damage



process on the metallurgical level. Therefore, fatigue damage may be related to
the load carrying capabiiity of the component or structure and fatigue life
estimates may be made without attempting to explicitly model or measure the
mechanics of the fatigue process. The employed models, however, must be
representative of the observed damage and incdrpcrate the dominant or
controlling parameters consistent with the damage.

Historically, initiation approaches, such as the strain-life method, have
considered fatigue damage as the "life used up.” Fatigue life is then defined by
separation of the specimen, some specified reduction in load carrying
capability, or the development of a crack to some specified length. This type of
approach, which uses laboratory data to predict the fatigue life of a component,
réquires similitude between the damaged process in the laboratory specimen
and the actual component. In other words, cracks are assumed to nucleate and
grow in the structure in the same manner as they nucleate and grow in the
laboratory specimen. Consequently, for the application of the strain-life
approach to a multiaxial fatigue situation, an understanding of the initiation and

development of microcracks under various types of loading is required.

22222 Crack Observations
Detailed crack observations have been made on a
variety of materials tested in tension, torsion, and combined loading [2.12-2.15].
Generally, cracking behavior has been shown to depend upon material type,
strain amplitude, and loading mode. Cracking observations on several
materials under different foading conditions and strain amplitudes clearly
support'this. These observations are summarized below. Resuits, as well as

experimental testing procedures and material information, have been reported

in detail in Refs. [2.13-2.15].
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Detailed crack observations were made on the three materials. These
materials exhibit different types of cracking behavior and represent extremes in
the behavior observed in isotropic materiais during tensile and torsional fatigue
testing.

The behavior of the three materials in tension and torsion is summarized in
Figs. 2.2-2.4. In these figures, the vertical axis is in terms of life fraction, N/Nj,
and the horizontal scale is presented in terms of fatigue life, Ny, in cycles. The
solid line represents the first observation of a surface crack of 100 um and
serves as a demarcation between crack nucleation and growth. It could be
argued that nucleation occurs much earlier, say, for example, 10 um. This
would simply shift the line down without changing the qualitative phenomena
represented by the plots. The dashed line represents the demarcation between
crack growth on planes of maximum shear strain amplitude and crack growth on
pianes of maximum principal strain amplitude. Cracking behavior is
categorized into three general regions, Regions A, B, and C. Region A denotes
a failure mode that is dominated by shear crack growth. In Hegion B, shear
crack nucleation is followed by crack growth on planes of maximum principal
strain (Stage |l planes). Crack nucleation dominates the fatigue life in Region
C. Materials may exhibit cracking behavior that is representative of one, two, or
all three of these regions. The cracking behavior of each of the three materials
is discussed in detail below.

Stainless steel 304 tested in torsion exhibited cracking behavior which
could be categorized into two regions, Region A and B, as shown in Fig. 2a.
The stainless steel tested at high torsional strain levels exhibited behavior
characteristic of Region A. Microcracks initiated on shear planes. Once
initiated, the cracks become more distinct but showed no significant increase in

length. A small amount of branching onto tensile planes (Stage il planes) was
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- Observed. Failure cracks grew on shear planes (Stage 1) or tensile planes
(Stage ll) by a slow linking of previously initiated shear cracks. At lower values
of strain, the stainless steel tested in torsion exhibited Region B behavior with
large amounts of crack growth on tensile planes. A small number of cracks
initiated on shear planes but quickly branched to tensile planes. Growth on
ihese planes cccurred by the propagation of the main crack rather than by a
linking process.

~In tension, the stainless steel exhibited no perceptible evidence of Stage |
growth. As a result, no region A behavior is shown in Fig. 2b. Scanning
electron examination showed that the fracture surfaces appeared to be almost
entirely dominated by Stage Il growth.

The behavior of Inconel 718 is presented in Fig. 3. Unilike the stainless
steel, which displayed mixed behavior, results of the inconel 718 torsion tests
showed that cracks initiated and remained on maximum shear planes. As
shown in Fig. 3a, Region A behavior was observed in torsion for all values of
shear strain investigated. Even at the lowest strain amplitude, in which the
normal stress-strain response was essentially elastic, cracks initiated and
remained on shear planes throughout the life. Crack density decreased in
specimens tested at longer fatigue lives as it did in stainless steel, but no
branching onto tensile planes was observed.

In Inconel 718 tested in tension, cracks remained on shear planes for the
majority of fatigue life and a large zone of Region A behavior was observed as
shown in Fig. 3b. Final failure in all tension tests was in a macroscopic tensile
direction comprised of large porions of microscopic shear growth. Large
amounts of shear growth were observed at failure for short and intermediate

fatigue lives. Growth on Stage !l planes occurred only late in life.
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Damage accumulation in Inconel is shear dominated. This is attributed to
localized shear deformation bands developed during cyclic loading. Reversed
movement of dislocations progressively shears precipitates in these bands.
Crack propagation then occurs along the bands with extensive shear crack
growth throughout the fatigue fife.

Two types of cracking systems have been observed in SAE 1045 steel.
One type, termed the R system by Marco and Starkey [2.16], exhibits a large
density of microcracks with the final failure occurring by a very rapid linking of
these cracks. This type of damage occurred at high strain amplitudes.
Alternatively, the S system, which exhibits one dominant crack that grows to
failure, was observed at low strain amplitudes.

In torsion, at high amplitudes, the R system crack behavior was
characteristics of Region A shown in Fig. 4a. In this region, the number of
microcracks increased with the number of loading cycles. In addition, the
surface length of microcracks, which appeared in the early stages of life,
remained almost unchanged during the fatigue life. Darkness and clarity of the
microcracks substantially increased with the increasing cycies. Cracks
developed equally on both planes of maximum shear and were uniformly
distributed over the entire gauge length. The failure was similar to that
observed in the stainless steels at high amplitudes except that the linking of
microcracks and final failure in 1045 occurred over a very few cycles, while the
growth of the Region A failure crack in stainless steels occurred progressively
throughout the life.

Region B behavior was observed in 1045 only at long lives. At the lowest
strain amblitude, 0.26 percent, the crack branched and growth occurred on the
tensile plane by a linking of previously initiated shear cracks. After a period of

lensile growth, the crack linked with a large shear crack which had
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simuitaneously developed. Final failure occurred by a mixture of Regions A and
B behavior.

SAE 1045 tested in tension exhibited cracking behavior characteristics of
both the R and S systems which developed on Stage Il planes. As shown in
Fig. 4b, microcracks initiated on shear planes at high amplitudes, in a manner
representative of the R crack system. A very rapid linking of these microcracks
occurred immediately prior to failure such that the failure crack was on tensile
(Stage Il) planes. At low amplitudes, cracks initiated on shear planes but
progressive growth occurred on Stage |l planes.

In Region C, crack nucleation plays the dominant role. This region has
been extensively studied by others. Nisitani [2.17} and Nisitani and Kawano
[2.18] made observations of long life fatigue failures in low carbon steels. They
concluded that at the fatigue limit, cracks formed within single grains but were
unable to propagate into neighboring grains because of the differences in
crystallographic orientation.

Robillard and Cailletaud [2.19] also made detailed crack observations in a
ferritic stainless steel (Z12CNDV12-2). Like the observations reported in Ref.
[2.13], they found that under torsional loading the crack behavior is dependent
upon the loading level. At high shear strain amplitudes they observed shear
cracking, while at low strain amplitudes they observed tensile cracking.

They also conducted two level tests under constant amplitude torsion and
tension using equivalent strain ranges. They found that torsional loading
followed by tensile Ioading was more damaging (resulted in a shorter fatigue
life) than tensile loading followed by torsional loading. The difference in the
damage- developed under these two types of loading cases was explained by
an understanding of the damage developed on different planes. in the first case,

where torsion was foliowed by tension, the torsional loading initiated shear
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cracks parallel and perpendicular to the axis of the specimen. The tensile
loading then propagated the cracks oriented perpendicular to the axis by Mode
I growth. In the tensile loading followed by torsion, the initial tensile loading
developed shear damage on planes oriented 45 degrees 10 t.ne axis of the
specimen. These planes did not correspond to the propagating planes for the
torsional loading at this high load level. Instead, the cracks propagated on
planes aligned with, and perpendicular to, the axis of the specimen.

Cracking observations have also clearly shown the importance of mean
stresses in the damage development in a material subjected to multiaxial
loading [2.19-2.21]. The mean stress is observed to affect both the crientation
and distribution of the cracks.

Socie and Shield [2.20] reported that a mean stress had a significant effoct
on cracking behavior. In proportional loading tests, with a tensile mean stress,
cracking occurred on the shear plane with the maximum tensile stress. These
cracks formed and grew to failure on this plane. In tests with compressive mean
stresses, a higher crack density was observed. In this case, multiple cracking
was' observed to occur on both shear planes. However, the failure crack always
cccurred on the plane with the maximum (least compressive) mean stress. in
addition, they concluded that mean normal strain in itself is not detrimental to
the fatigue life unless it produces a mean stress.

Robillard and Cailletaud [2.19] also observed an effect of the mean stress
on cracking behavior. They observed that fully reversed torsional loading with a
compressive mean stress caused cracks to grow on the planes paralle! to the
axis of the specimen as shown in Fig. 2.5. The cracks perpendicular to the axis
of the spécimen were closed by the compressive stress. For completely
reversed tension tests with a mean torque, cracks developed on only one set of

shear planes (oriented 45 degrees to the axis of the specimen) due to the
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applied mean torque. Cracks grew on the 45 degree planAes that experienced
the tensile mean stress due to the mean torque as shown in Fig. 2.6.

From these observations, it has been shown that cracks initiate and form
on cenrtain planes, the orientation of which is determined by both the siresses _
and strains in the critical location. These observations are the physical basis of
the multiaxial fatigue critical plane approaches. Critical plane approaches, as

well as other multiaxial fatigue models, are discussed and compared in the

following section.

2.2.3 Multiaxial Fatigue Theories
Using the strain life approach to predict the fatigue life of a com-
ponent, a damage model is required. Following is a brief review of multiaxial
fatigue approaches followed by a critical review and comparison between the
theories.

Multiaxial fatigue review articles are published in the literature and are
given in Refs. [2.22-2.26]. The article by Ellyin is of particular note as it presents
a very thorough, up-to-date review. In general, muitiaxial fatigue failure theories
can be classified into three categories. In the first are theories which are based
upon exiensions of static yield theories to fatigue under combined stresses. In
the second category, the energy-based approaches relate the fatigue life to
work or strain energy. Finally, the critical plane approaches make up the third
category. These theories in the last category are founded upon the premise that

failure occurs due to damage developed on a critical plane and are usually

based upon cracking cbservations.
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2.2.3.1 Equivalent Stress/Strain Approaches
Early attempts to deal with combined loading resulted in
multiaxial fatigue theories based upon von Mises or Tresca yield criteria.
Further extensions and modifications were made in this area by researchers
such as Sines [2.27,2.28] and Fuchs [2.29]. This type of theory has been
adopted by the American Society of Mechanical Engineers (ASME) for their
Boiler and Pressure Vessel Code [2.30].

In the ASME code, an equivalent strain range is calculated

Agegq = the value of l:\é—g [(Ae11 - Agp2)? + (Aggp - Ae33)2

maximized with

respect to time (2.5)

+ (Bega-deq1)2 + 6(Ae%,+Ae2 +ae2, )]1f2]

where

Agjj = gj{tq) - gij(t2) are the strain differences between time tyandto
gii{t1) = components of strain tensar at time t4

gjj(t2) = components of strain tensor at time to

For proporticnal loading this term is proportional to the octahedral shear strain.
It is not in general, though, equal to the octahedral shear strain {von Mises)
theory.

‘This theory predicts no path dependence of the fatigue life. In other words,
it predicts that it doesn't matter how the strain states at time t1 and to were

reached. Instead the fatigue life is only dependent on the strains at two

instances in time, t1 and ts.
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This predicted lack of path dependency has been experimentally shown to
be incorrect. (See Section 2.2.3.4.) The fatigue life is dependent upon the
loading path, not just the extreme strain points obtained during the ioading
cycle or loading block. In addition, for a variable amplitude loading situation
with a large number of cycles in the loading block, the implementation of this
method quickly becomes infeasible. A very large number of calculations would
have to be done simply in order to determine the maximum equivalent strain
range (Eq. {2.5)) for the loading history.

Equivalent stress or strain theories have also met with two other main ob-
jections. First, these theories do not predict any mean stress effect. It was
shown in early uniaxial fatigue research that mean stresses affect fatigue life. iIn
subsequent muitiaxial research, as discussed in the previous section, it has
been shown that mean stresses affect both fatigue life and cracking direction.
(As a side note, these theories have sometimes been criticized because they do
not predict a sensitivity to hydrostatic stresses as discussed in Ref. [2.24].
However, in the experimental tests used for the basis of this argument, unequal
mean stresses were developed in the ditferent directions. Consequently it may
be a mean stress acting in a particular direction rather than the hydrostatic
stress, that affects the fatigue life.) Another main criticism of these approaches
is that they predict that a component subjected to out-of-phase loading will
exhibit a longer fatigue life than one in which the applied loads are in-phase.
This prediction has been experimentally shown to be incorrect. Strain-
controlled out-of-phase loading has been shown to be more damaging than in-
phase loading. As discussed in Section 2.2.2.1, the increased damage in out-
of-phase loading is believed to be due to the large increase in strain hardening

{(nonproportional hardening) observed in some materials.
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2.2.3.2 Energy Approaches
Energy approaches relate the fatigue life f(o work or strain
energy. These types of methods have been developed and are presented in
Refs. [2.31-2.33]. Garud's method [2.31], which is the most well-known, relates

the plastic work per cycle to the fatigue life. Thisis

We = : Cx dgg + Oy ds? + 02 deg + Txy \&)y + Txz yfz + Tyz «fyjz (2.8)
cycle

Garud's method is more physically well-founded than the equivalent stress
or strain theories. However, as pointed out by Jordan {2.34], this approach
suffers from several shortcomings. First, this theory is based upon the plastic
work per cycle and is independent of damage developed on observed critical

planes. Second, this general theory, Fq (2.6), reduces to

W, = j o deP + <y (2.7)
cycle

for the case of tension-torsion. However, for better correlation with tension-
torsion data, Garud included a weighting factor or constant that is empirically

determined so that Eq (2.7) becomes

We =j G deP + 0.5 tchyP (2.8)
cycle

Since Garud used tension-torsion data, it is unknown how his theory would
correlate fatigue lives of components subjected to a more general stress state.
Specifically, the vaiue of, or need of, a weighting factor is unknown or even if

the theory would work at all. Several researchers [2.5,2.35] have found that
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ditfferent vaiues of this weighting factor were more successful in correlating
multiaxial data, depending upon the material and conditions. In addition, for
lives greater than 2000 cycles, where the plastic strain energies become small,
Jordan [2.34] reported that the results obtained using this model seem to
diverge. Also at longer lives, the fatigue life is significantly affected by a mean
stress, while this method predicts no effect.

Finally, energy based methods have not met with wide-spread acceptance.
Unfortunately, the development of cyclic nonproportional constitutive relations is
such that they limit the ability of this method to be used in a predictive capability

since the success of the method is very sensitive to any inaccuracies in the

stress-strain predictions.

2.2.3.3 Critical Plane Approaches

Findley [2.38] first proposed a model which was based upon
the idea that the primary cause of fatigue is the alternating shear stress, with the
normal stress on the critical shear plane having an influencing factor.
McDiarmid [2.37] subsequently proposed a theory which was based upon the
critical range of shear modified for the effects of the normal stress acting on the
plane of maximum shear stress. In the critical plane approaches, mean stress
effects are accounted for with the inclusion of the normal stress term. The ability
of these modeis to account for mean stress effects is consistent with
experimental results and consequently overcomes a weakness in the

equivalent stress or strain theories.
in work related to McDiarmid's, Brown and Miller [2.22] developed an
approach based upon a physical interpretation of the mechanisms of fatigue
crack growth. Brown and Miller believed that fatigue lives could be correlated

by considering both the maximum shear strain and the tensile strain acting
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across the maximum shear strain plane as primary controlling parameters.
Based upon this idea, they developed gamma planes, which were contours of
constant life plotted with the normal strain on the horizontal axis and the shear
strain on the vertical axis as shown in Fig. 2.7. Although these contours are
relatively successful in correlating muitiaxial fatigue data, they are not good for
predictive capabilities. They require a significant amount of data to develop
these plots and additionally, predict that fatigue life is not a unique function of y
and en.  Rather, two fatigue lives are predicted for one set of v and e as shown
in Fig. 2.7. (The difference between these fatigue lives is the type of crack
developed. Brown and Miller defined two type of cracks, Type A cracks and
Type B cracks. Type A cracks were defined as long, shallow cracks that grow
along the surface of the specimen. Shear cracks formed in torsion are a good
example of Type A cracks. Alternatively, Type B cracks grow into the depth of

the specimen.)

In a later paper {2.38], Kandil, Brown and Miller extended this theory and

expressed it in equational form as
Ay + SAgp = constant {(2.9)

where Ay is shear the range on the plane experiencing the maximum range of
shear, Aep, is the normal strain on this plane, and S is a material constant.
In 1980, Lohr and Ellison [2.39] reasoned that it is more correct to consider

only shear planes that assist in propagating the crack into the thickness of the

specimen, Type B cracks. They expressed this idea as

AY + SAep = constant (2.10)
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where AY and Agp are the strain values on planes growing into the thickness of
the specimen. Using only Type B cracks, the fatigue life was now a unigue
function of yand e,. A better correlation of test results was obtained using their
theory compared to that obtained by using Eq. (2.9). However, they violated a
major point that made critical plane approaches so appealing. Physical
observations did not support their predictions. They predicted that for torsional
loading the cracks wouid grow at a angle of 45 degrees into the surface of the
specimen even at short fatigue lives. However, low cycle fatigue cracking
cbservations showed that cracks developed under torsional loading grew on
planes parallel to the surface of the specimen.

in 1984, based upon the observations that mean stresses affect the
_ development, density, and orientation of microcracks, Socie et. al [2.14]

modified Brown and Miller's parameter by including a mean stress term. This

then took the form

on

VR S L} fi NP + v c
Y+en+E =G (2N)° + v (2Ny) (2.11)

where ¥ is the maximum shear strain amplitude, £n is the tensile strain
perpendicular to the plane of maximum shear strain amplitude, op, is the mean
stress perpendicular to this plane, *c% is the torsional fatigue strength coefficient,
y% is the torsional fatigue ductility coefficient, and G is the shear modulus.
Equation (2.11) was successful in correlating the fatigue lives of inconel 718
specimens loaded in a variety of multiaxial loading paths. In subsequent work,
Fatemi and Socie [2.40] and Fatemi and Kurath [2.41] developed this shear

based parameter to
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4 , : ]
Y1+ K—z—") = & (2N9P + 7 (2Ng)e (2.12)
Y

where ¥, op, "c'f, 7% are defined as in Eqg. (2.11), and K is a material constant. In

Ref. {2.41], Fatemi and Kurath stated that the value of K varies with fatigue life.
For long fatigue lives (high cycle fatigue) they reported the value of K
approached 1, while at short lives it was reduced in their tests. At a life between
103 and 104 cycles, it was approximately 0.4. They used a representative value
of 0.6 for 1045 steel for their low cycle fatigue calcutations. This equation, Eq.
(2.12), was shown to be successful in correlating a material whose damage
development was shear dominated.

Since the basic concept behind the critical plane models is that the bulk
parameters must be consistent with damage, it is not surprising that a shear
based model was not particularly successful in correlating a material that
developed tensile cracks. Instead, it was shown in Ref [2.13] and discussed
further in Refs. [2.21] and {2.42] that the Smith Watson Topper [2.43] mode!
applied to multiaxial loading resulted in a better fatigue life correlation of
components which developed tensile cracks. This model is

2
Ae G v
‘“*"*21 Oy = —é‘ (2Nf)<b + gf o (2Ny)b+e (2.13)

Ag .
where -él is the maximum principal strain amplitude and o1 is the maximum

stress on the plane of maximum principal strain amplitude.

From these results it was concluded that multiaxial damage models must

be consistent with observed damage for successful muitiaxial fatigue hite

predictions.
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2.2.3.4 Discussion and Comparison of Multiaxial Theories
The effectiveness of different multiaxial fatigue theories in
correlating test results has been evaluated and compared by different
researchers [2.5,2.34,2.35,2.44]. The following briefly presents their results and
conclusions and provides some genera! discussion on the theories.

Jordan [2.34] ran nonproportional tests on thin walled tubes made from
1Cr-Mo-V steel at room temperature. He conducted tests using four types of
loading conditions. In all four types of lpading, the same constant amplitude
torsional shear strain was applied. The differences between the loading types
was in the manner in which the tension was applied. In one case, the tensiie
strain was simply cut of phase with the torsional strain. in the other three cases,
very sharp spikes of tensile loading were applied in various points in the
torsional cycle. From this work, he concluded that fatigue is not only a function
of the strain amplitude but also of straining path. Using the ASME Boiler and
Pressure Vessel Code Case N47, the life predictions between the four test
cases were the same. However, experimentally obtained fatigue lives differed
significantly (over a factor of 7) between the test cases. He concluded that life
estimates based on amplitudes of strain alone, such as the equivalent strain
approaches, are unsatisfactory for nonproportional straining.

Jordan evaluated Garud's approach by measuring the area within the
experimentally determined hysteresis loops. He also used Kandil's form of the
Brown and Milter critical plane theory to correlate the test results. He concluded
that these two methods are equally successful in predicting the fatigue life in the
low cyclé fatigue regime. Finally, as a side note, he found that the phase cf the
applied maximum shear strain refative to the normal strain across the plane of

maximum shear did not affect the fatigue life in any tests.
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Tipton [2.5,2.44] also correlated the fatigue lives of SAE 1045 steel
notched shatfts, obtained in the SAE notched shaft program [2.45], with various
multiaxial fatigue theories. He found that both the Tresca and von Mises based
equivalent strain correlations were non-conservative for out-of-phase loading.
Alternatively, he found that the Brown and Miller critical plane approach, as well
as Garud's energy based method, was successful in correlating the in-phase
and out-of-phase tests. In Garud's approach he found that using a weighting
factor of 0.5 made the predictions non-conservative. Instead a factor of 0.9
would have improved these particular life predictions.

Andrews [2.35] conducted strain controlled tension-torsion tests on 316
stainless steel at 550 degrees Celsius. He ran tests at different biaxiality ratios
under both propertional and nonproportional straining. He correlated tests
results with the equivalent strain ASME Boiler and Pressure Vessel Design
Code Case N47, Garud's plastic work method, and a critical plane approach.

Like Jordan and Tipton, he found that the ASME equivalent strain
approach yielded predictions that were non-conservative (up to an order of
magnitude) for the out-of-phase tests. He also employed Garud's method by
measuring the area of the experimentally obtained hysteresis loops. He used
Garud's empirical scaling factor of 0.5 and obtained good results. Like Tipton,
he found that better results might have been obtained if this scaling factor had
been changed. Although Tipton found that an increase in the factor to 0.9
resulted in better correlations, Andrews found a decrease in the factor to 0.3
would have yielded better results. Like Jordan he also found the correlations
began to diverge at longer lives.

For the critical plane approach, he attempted to correlate both the in-phase
and out-bf-phase results with Brown and Miller's critical plane model taken in

the torm of Eq. (2.9). He obtained a good correlation for the in-phase results, but
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tound the predictions to be quite conservative for the out-of-phase results.
Consequently, he made a modification to this equation to account for the
biaxiality and nonproportionality of the loading path. He obtained relatively
good results using this approach.

From these three studies on the ability of various multiaxial theories to
correlate nonproportional multiaxial fatigue data, the following conclusions are
derived.

The initial attempts to use only the strain amplitudes or strain ranges to
predict multiaxial fatigue lives is due to the historical development of multiaxial
fatigue theories from uniaxial fatigue. It was desired to somehow relate
multiaxial damage to that developed in the uniaxial situation since there was an
abundance of uniaxial fatigue data. Unfortunately, this approach has not been
found to be very successful. In fact, Leis [2.46] stated that "octahedral
equivalence quantities do not provide a tenable basis to extend uniaxial data to
serve as a reference damage state” for a damage analysis for nonproportional
loading. Rather he concluded that the damage rate is three-dimensional and
path dependent.

Jordan also observed in his study that fatigue damage is a function of
strain amplitude and straining path. He concluded that life estimates based on
amplitude of strain are unsatisfactory for nonproportional straining. It is not
surprising since the peak stresses obtained in a multiaxial loading case are
highly dependent upon the strain path. If attempts to use multiaxial theories in a
predictive capability, where stresses are generaily unknown, are to be
successful some method to account for this path dependency of the stress
response must be incorporated into the model.

Garud's method provides a means to account for the path dependency of

the stress-strain response. As stated earlier, however, this type of approach
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suffers from the weakness that the development of cyclic nonproportional
constitutive retations is such that they limit the ability of this method to be used
in a predictive capability. The success of the method is very sensitive to any
inaccuracies in the stress-strain predictions. In addition, even thcugh both
Andrews and Jordan's used the experimentally obtained hysteresis loops
(instead of predicted hysteresis loops), correlations at fonger lives, where there
was little plastic strain, began to diverge.

The critical plane approaches are based upon physical observations of
cracking behavior. As discussed, experimental cracking cbservations, and
resulting fatigue lives, have shown that multiaxial damage development is
affected by mean stresses. The original strain-based critical plane models
proposed by Kandil, Brown and Miller, and Lohr and Ellison did not include a
stress term. However, Leis [2.46] stated that an "approach based strictly on
maximum shear or shear strain range on the plane of maximum shear,
therefore, cannot alone be expected to be correct at lower damage rates (longer
lives) where there is insufficient inelastic action to relax mean stress.”

Critical plane models such as thase given in Egs. (2.12) and (2.13) can
account for the path dependency of the stress response, as well as observed
mean stress effects, through the incorporation of the stress term. In addition,
these models can account for such effects as out-of-phase hardening and
hydrostatic pressure. Finally, uniike both the equivalent strain and energy
approaches, these models may be applied to the variable amplitude loading
situation relatively easily. Thus, although the exact form of the damage models
may undoubtedly change as more multiaxial fatigue data becomes available,
these models will be used in their current form to develop the variable

amplitude multiaxial fatigue life prediction methodology.
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224 Variable Amplitude Multiaxial Fatigue

Much of the multiaxial fatigue research to date has dealt with
proportional and nonproportional loading where the maximum shear strain and
the maximum tensile strain in the loading cycle, although not the same, were
constant amplitude. In other words, the maximum strains attained in the loading
cycle did not vary between cycles. Little, if any, actual multiaxial variable
amplitude experimental test data has been published. This lack of data has
been due in part to our lack of understanding of the more basic multiaxial
loading conditions, as well as the difficulty in obtaining this type of data. It has
been understood, however, that the actual service loads of many componenis
were multiaxial and of varying amplitude. Consegquently, some initial ideas and
methods have been proposed to estimate the fatigue life of a component
subjected to variable amplitude multiaxial loading. These are briefly discussed
below.

McDiarmid [2.47] proposed a method to design for high-cycle biaxial
fatigue resistance of components using variable amplitude strain information.
He suggested that a conservative approach was obtained by assuming that the
principal strains always occur in the same direction. However, as discussed
previously, strain-controlled out-of-phase loading is mere damaging than in-
phase loading. In addition, he suggested that a conservative approach was to
idealize the out-of-phase variable amplitude strains to in-phase constant ampli-
tude strains with the amplitude corresponding to the outer envelope or maxi-
mum strains in the actual history. This approach would yield very conservative
results for long histories where there are many small subcycles. Since no non-
proportidna! data was available 1o evaluate the model, no attempt was made to

guantify the error for loading nonproportional variable amplitude paths.
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Macha also suggested a fatigue criterion for components subjected to
random multiaxial loading and is presented in Ref. [2.48]. This approach is
based upon a critical plane concept where the quantities of shear and normal
strains determine the fracture plane. The strain values on this plane can then
be related to fatigue life. Again, no attempt was made to evaluate the model
using experimental data.

A shortcoming of both McDiarmid's and Macha's approaches is that they
do not incorporate any stress terms. Consequently, they suffer from the
weaknesses described in Section 2.2.3. Namely, they cannot account for mean
stress effects and they predict no strain path dependency of the fatigue life.

In the study of variable amplitude torsional loading presented in Ref. [2.49],
the strain-life approach was used to estimate the fatigue fives of large turbine-
generator shafts loaded in torsion. The method was evaluated by comparing
predicted results with experimental variable amplitude tests results obtained
from small notched specimens and large fillet specimens. Very good agree-
ment was observed.

As stated, the strain-life approach has achieved success in correlating
fatigue lives of components subjected to both uniaxial variable amplitude load-
ing and torsional variable amplitude loading. Consequently, the idea of
attempting to extend the local strain-life approach to variable amplitude multi-
axial fatigue has been suggested and discussed by several researchers. In a
pubilished discussion of the information or technigues needed for a variable
amplitude loading situation, Leis [2.46] stated that “the framework must inher-
ently define the necessary cycle counting rules to resolve complex deformation
histories into events directly comparable to those of the reference state.”
Hoffman and Seeger [2.50] aisc discussed this and other tools needed, as well

as current limitations that exist, in extending the strain-life approach to multiaxial
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variable amplitude fatigue. In Ref [2.51] a strain-life method, similar to the idea
on which the current work is based, was outlined which suggested that this
method may be appropriate to use in predicting the fatigue life of a component
subjected to variable amplitude multiaxial loading. The details of the method-
ology to extend the strain-life approach to multiaxial variable amplitude fatigue
which is being proposed in the current work, as well as the implementation of

this method, are given in the following chapter.

2.3 Summary

As stated in the preceding chapter, a primary objective in the choice of a
muitiaxial damage model is the need to reconcile the analytical approaches
with observed material behavior. Critical plane models are based upon
observations of the damage developed in a material subjected to combined
loading. By the incorporation of a stress term, these models can account for
mean stress effects, the effect of nonproportional hardening, and the strain path
dependency of the fatigue fife. Critical plane models are also relatively easy to
apply in a variable amplitude loading situation. Consequently these
approaches provide a basis from which to develop a variable amplitude
multiaxial life estimation method. In addition, the strain-life approach has
achieved success in correlating the fatigue lives of components subjected to
uniaxial variable amplitude loading, as well as components subjected to
torsional variable amplitude loading. The use of these models in the proposed

method is described in the following chapter.



30

3. PROPOSED MODEL
3.1 Introduction and Overview _

A methed to predict the fatigue life of a component subjected to variable
amplitude multiaxial fatigue has been developed and implemented in a
computer code. An overview of the proposed method is given below with the
technical details then presented in the remainder of the chapter. Pertinent
information concerning the implementation of this method in the computer code
is also provided. Results of the analysis are presented and discussed in the
next chapter.

The proposed variable amplitude multiaxial fatigue life prediction
procedure is based upon an extension of the strain-life approach which, as
discussed in Chapter 2, achieved relatively good success in predicting the
fatigue life of components subjected to uniaxial variable amplitude fatigue. In
addition, this proposed method employs criticat plane concepts, also discussed
in Chapter 2, that have been developed from recent multiaxial fatigue research.

A general outline of the procedure is presented in Fig. 3.1. Strain data,
obtained either from a strain gauge rosette or from a known or approximated
history, is used as input. After the data has been inspected and edited for peaks
and valleys, the stress histories are determined. Since problems occur in
critical locations where the stresses often exceed the yield stress, a plasticity
model must be used in predicting the stresses. Fortunately, however, fatigue
cracks generally occur on the surface of the component where a plane stress
state exists. This plane stress state simplifies the stress history calculations.

Details of the plasticity model are given later in this chapter. In general, the
two surface nonproportional cyclic plasticity model incorporates the von Mises

yield criteria, the normality flow rule, and Mroz kinematic hardening. A stable
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material response is assumed such that no transient hérdening effects of
nonproportional hardening are included.

Once the strain and stress histories are known, the critical plane damage
models are used 1o estimate fatigue lite. The critical plane is defined as the
plane experiencing the maximum damage and the fatigue life of the component
is estimated using the stress-strain response on this plane. In general, the
critical plane is not known befare the analysis. This requires that damage on alf
candidate planes be computed in order to identify the critical plane. Fatigue
damage associated with each plane is calculated as follows.

The effect of the applied loading on a plane is determined by a tensor
rotation of the stresses and strains to this plane. Damaging events--the
appropriate cycles of strain--are identified by rainflow counting the strain history
acting on this plane. The amplitude of the strain cycle is then used in the
damage maodel that is consistent with ocbserved material behavior. For example,
for a tensile crack dominated material, the tensile strain on the plane is rainflow
counted. Alternatively, for a shear crack dominated material, cycles of shear
strain are rainflow counted. Once the strain range for a cycle is determined, the
damage parameter can then be calculated using the tensile or shear damage

parameters given in equations of Chapter 2. For the tensile model, the damage

parameter is the product
A

50

where ¢ is the peak tensile stress during the current cycle of strain on this plane.
Fatigue life corresponding to the magnitude of this damage parameter can then
be determined through use of Eq. {(2.13). This is done for all cycles in the
history on this plane. The damage is summed using Miner's rule, a linear

damage summation technique. such that
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where n is the number of cycles, Ny is the fatigue life for the i-th cycle, and D is
the damage value for this plane.

(If the shear model was used instead of the tensile model, the same
procedure would be used except that cycles of shear strain would be rainflow
counted and the damage parameter and corresponding fatigue life calculated
from Eq. (2.12).)

This process continues until damage corresponding to all possible planes
is evaluated. (The number of planes that must actually be analyzed is reduced
by exploiting the plan'e stress state situation.) The fatigue life of the component
subjected to multiaxial variable amplitude loading, in terms of blocks to failure,
is then determined from the plane experiencing the maximum damage.

A general outline of the computer code which implements this method is
presented in Fig. 3.2. The remainder of this chapter presents and discusses the

backgreund and technical detaiis used in the code in the order presented in Fig.
3.2

3.2 Peaks Procedure
During component testing under service-like loading, a large amount of
data is collected and stored. A need to reduce this large amount of data to a

manageable size brings about the need for editing or condensing the load

history while maintaining the essential features that contribute to fatigue

damage.
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To edit multiaxial histories a method is needed that is capable of
identifying peaks on all channels, of individually editing out the smaller cycles
on the different channels, and of storing identified peaks in sequence with
respect to time. A method that is able to meet these objeclives has been
developed and is presented here. In general, the concepts used for uniaxial
loading are simply extended to multiaxial loading. However, a few imporiant
modifications must be made and certain restrictions met when editing a
multiaxial history.

For muitiaxial loading, when the combined stresses exceed the yield stress
(using the von Mises or Tresca yield criteria), the stress-strain response i‘s path
dependent. For example, in Fig. 3.3 both histories stant at point Q and end at
point P. However, the stress levels obtained from the twe histories at point P
are different due to the different strain paths that were followed when going from
point O to point P. The dependency of the stress-strain response on the
combined strains and the loading path affects the editing procedure. First, it
imposes the restriction or requirement that the relationship between the strains
for a point in time must be maintained. Any time one channe! reaches a valid
peak, the values of strain on all channels for that point in time must be stored.
Second, since the material response is path dependent, the sequence of events
also affects the stress-strain response. The edited file therefore must maintain
the essential features of the original data-inciuding the sequence. This
requires some modification of the editing procedure developed for uniaxial
loading. If the uniaxial editing method was used on each individual channel of
a multiaxial history, the data points stores in the edited peaks file would be out

of sequénce according to time. This sequence problem is easily seen in the

following example.
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An example of a multiaxial strain gauge rosette history is given in Fig. 3.4.
Shown are the strain histories corresponding to the three legs of the rosette.,
The corresponding predicted stress-strain response for the unedited Channe! 1
strain, termed axial strain, is presented in Fig. 3.5. The success of different
editing schemes must be compared to the stress-strain response. A successiul
editing scheme would edit out the small subcycles while maintaining the
essence of the stress-strain response.

For this example, assume that the editing level - sometimes termed
‘hysteresis level' - is 0.0006 such that any cycles with ranges below this level
are ignored or edited out. A successful editing scheme would edit out the small
sub-cycles on Channel 1 while maintaining both the time sequence of the
strains and the relationships between the strains.

Using the uniaxial method described in Appendix A and storing the strain
values on all channels whenever one channel reaches a valid peak results in
the stress-strain response in Fig. 3.6b. Comparing this to the unedited stress-
strain response for the original history, given in Fig. 3.6a, shows that the stress-
strain response was incorrectly altered. Sub-cycles are predicted in the edited
history that do not appear in the original history. This procedure results in
erroneous results. The reason for this is shown in Fig. 3.7. Although the
relationships between the strains is maintained, the time sequence is lost. This
loss of time sequence is due to the fact that a valid peak, F, was identified on
Channel 1 and all strain values corresponding to time F stored before peak E,
on Channel 3, was identified and all values of strain corresponding to point E
stored. The edited file is then chronologically out of sequence and results in the
incorrect stress-strain response shown in Fig. 3.5. For the edited stress-strain to
be close to the actual response, the strains must be stored in sequence. Using

this procedure, the peaks file would have to be sorted according to time after the
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histories were edited. Instead of resorting the file, however, a modification to
the uniaxial editing procedure is made to store the data as discussed in
Appendix A.

This modified method which is described in Appendix A was used to edit
the original history given in Fig. 3.4. As can be seen in Fig. 3.8, this method is
successful in that the stress-strain response for the edited history is very similar
to the original one yet without the subcycles. The reason for this can be seen in
Fig. 3.9. Both the time sequence and the relationship between the three strains
are maintained.

To overcome the sequence problem, in the multiaxial editing procedure
anytime a valid peak is identified on one channel the current "possible peaks”, if
there are any, on the other channels are stored, if they occur at an earlier time
than the present "valid peak". This requirement causes additional data to be
stored in that some “possible peaks" which are stored may never have been
identified as a valid peak in the uniaxial procedure. However, storing possible
peaks allows the essential features of the original data to be maintained without
sorting the file after the original strain history is edited.

Although the general concepts used in this editing method are similar to
the uniaxial editing procedure, significant modifications are made to ensure the
time sequence and relationships are between the strains is maintained. This

method is made clear through the discussion of an example given in Appendix
A.

3.3 Stress History Predictions
3.3.1 Introduction and Requirements

To predict the stress-strain response of a material subjected to

nonproportional loading, an incremental cyclic plasticity model is required.



36

Incremental plasticity models have been developed [3.1-3.7] and have been
reviewed and compared. Researchers dealing with nonproportional multiaxial
plasticity models have continued to develop sophisticated models that attempt
to reproduce the detailed material response including transient hardening
effects due to nonproportional loading. However, for the application in this
procedure, these more sophisticated models are not appropriate. Attaining
increased accuracy in this portion of the variable ampiitude multiaxiat fatigue
lite prediction method does not significantly increase the accuracy of the total
approach due to errors or unknowns that exist in the remainder of the
procedure. Instead, the application of an incremental plasticity model to the
problem of estimating the fatigue life of a component subjected to variable
amplitude loading places certain restrictions and requirements on these. modals
as discussed below.

First, the stress-strain response must remain numerically stable under the
application of repeated loads. Because the strain histories are often made up of
hundreds of cycles, a small instability or numerical error for one cycle could
accumuiate so that a significant error in the stress response might be predicted
at the end of a long loading history if the routine was not stable.

Second, since the stress-strain response is path dependent, the stress-
strain predictions depend on the correct "starting location” of the stresses. This
need to predict the correct initial stress state is explained and made clear by first
referring to the understanding gained in uniaxial variable amplitude loading.

In the uniaxial method, it was assumed that the actual loading history could
be modeled by a repeating block of strain cycles. The stress-strain response of
the current block was therefore affected by the previous loading block. The
previous loading block "set up" the stress state which was then used as the

starting location for the prediction of the stress response for the actual history.
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For example, Fig. 3.10a presents a uniaxial strain history made up cof repeating
loading blocks. The stress-strain response for the first block is shown in Fig.
3.10b. The stress-strain response for the second block and alil repeating blocks
is shown in Fig. 3.10¢. In uniaxial methods the history was usually rearranged
to start at the largest excursion to account for this difference. In doing this, the
predicted stress-strain response for the first block is the same as that shown in
Fig. 3.10c¢.

In a multiaxial situation, the need to predict the correct stress state at the
beginning of the loading block becomes even more important. In addition, the
location of the yield surface center in stress space must also be predicted. The
prediction of these quantities is critical as these terms appear directly in the
equations used to calculate the stress history for the actual loading block.

To predict the correct "starting location" of both the stress and yield surface
center, the stress response for @ set-up block is first predicted. This initial
prediction is made by assuming the stresses and strains initially start at zero.
The location of the stress and yield surface center at the end of the set-up block
is then used as the "starting location" for the actual loading block. The stress
history used in the damage model! caiculations is then predicted using these
initial values,

Although, one would ideally like to apply several large set-up cycles that
would allow the "starting location” to be determined. This method would not
insure that the correct "location” was determined due to the path dependency of
the multiaxial stress response. For example, in Fig. 3.3 the final strain state in
both loading cases is point P. However, the stress response is different for
these two cases. An incorrect stress state would be predicted for the "starting

location” of the next block if the path OP, whose end points represent the
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extreme endpoints for the actual loading path, was used as the set-up cycle,
instead of the actual history was O-A-P.

A third restriction or requirement of the plasticity procedure is that to insure
applicability for a wide variety of materials, only readily available material
constants must be used as input. For the average engineer these are values
obtained from a cyclically stable stress-strain response such as the cyclic
strength coefficient, K', and the cyclic strain hardening exponent, n', as well as
the yield stress, oy, limit stress, ¢, and modulus of elasticity, E.

As a final simplification, the material response is assumed stable. In other
words, no nonproportional transient hardening effects are modeled. Not
enough information or knowledge is available to date to attempt to implement a
transient plasticity model for a wide variety of materials uging only readily
available material constants. In addition, since the assumption is made that the
total loading history may be modeled by a repeating loading block, neglecting
the transient material behavior is justified. Most of the transient response will
oceur in the first several loading blocks.

A cyclically stable, incremental plasticity model which requires only readily
available material constants has been developed. The technical details and the

method of implementation in the computer program are presented and

discussed in the following sections.

3.3.2 Theoretical Development and Background
A yield criteria, a flow rule and a hardening rule are needed in the
development of an incremental plasticity theory. The following describes and

develops the equations used in the incremental plasticity theory implemented in

this model.
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Yield Critertia

The yield criteria is used to determine if plastic strains (plastic flow) will
occur during an increment of loading. Due to Drucker's postulate [3.8], the yield
surface may be pictured as a convex surface in stress space. The stress
response is considered elastic if the stress state lies within this surface. The
von Mises [3.9] and Tresca [3.10] criteria, the two most common yield criteria,
are pictured in Fig. 3.11a in a biaxial stress space and in Fig. 3.11b in deviatoric

stress space. The Tresca yield criterion predicts yielding to occur when any of

the following six conditions is reached.

01 -02 =% Oy
Tresca: y 62 - 63 = * oy (3.1)
G1 - 03 = I Oy

The von Mises criterion is related to the second invariant of the stress tensor

and predicts yielding to occur when the following relation is satisfied.
van Mises: 372 (Sy) (Sy) = 03

1
or 5[(01 - 02)2 + (02~ 63)2 + {01 - 03] = &5
where oy is the yield stress. Alternatively, the equations of these yield surfaces
may be written as
~ Tresca: f=01-03-0y=0
von Mises: = §;Sjj- 2/3 0)2, =0 (3.3)

where o4 and g3 are the maximum and minimum principal stresses.



40

Hardening Rules

Since most metals exhibit work hardening or strain hardening after
yielding, hardening rules were developed. Two general types of models have
been first developed to attempt to mathematically model this behavior. These
are kinematic or isotropic hardening models. Isotropic hardening models, with
models developed by Hill and Hodge [3.11, 3.12], assume that the center of the
yield surface remains fixed but the size of the surface increases. A dis-
advantage of the isotropic hardening model is that it doesn't account for a
decrease in the yield stress during reversed loading. Consequently, kinematic
models were developed. Kinematic hardening models first developed by
Prager {3.13] assume that the size and shape of the yield surface remains
constant while the center of the surface translates in stress space. Com-
pinations of these rules have also been developed [3.4-3.6,3.14] which attempt
to more accurately model the material response. Increased complexity and
difficulty of implementation accompany these combined rules. Using the von
Mises yield criteria, the equations of the loading surface or yield surface in

these models may be written as

Isotropic: f= (S;)(Sj)-2/362=0
Kinematic: f = (Sjj- Sf) (Sjj- S§) - 213 6% = 0 (3.4)
Combined: f = (Sjj - sﬁ) (S - sg) -2/332=0

where G is the largest value of combined stress attained in the loading path, and

Sﬁ is the location of the center of the yield surface in deviatoric stress space and
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also depends upon the loading path. References [3.11-3.18] present and
discuss different hardening rules.

Studies have been done that compare the effectiveness of different
hardening rules in modeling observed material response [3.16-3.18]. The Mroz
[3.16] hardening model was observed to best model the stress-strain response
of components subjectied to nonproportignal loading, and is therefore
implemented in this procedure.

Mroz proposed a medel that introduced a “field of workhardening moduli”.
These are surfaces of constant workhardening (conceptually similar to
concentric "yield surfaces” in stress space as shown in Fig. 3.12). The stress-
strain curve is then approximated by the piecewise linear series of line
segments whose endpoints correspond to these surfaces of constant
workhardening. The movement of the centers of these surfaces is in the
direction of the vector connecting the outward normal of the current surface (the
surface on which the current siress state lies) and the same outward normal on
the next surface. (See Fig. 3.13.)

A simplification of the Mroz model has been subsequently proposed and
used by a series of researchers {3.5-3.7,3.16]. In this simplification, only two
surfaces, a yield surface and a limit surface or bounding surface, are used as
shown in Fig. 3.14. In both the models developed by Dafalias [3.5] and Krieg
[3.6], the outer (limit) surface is allowed to translate. However, Lamba [3.16]
used a fixed surface to get good results compared to experimental data. In
these models, the stress-strain response after yielding is modeled by an
analytical function that asymptotically approaches the stress-strain response at
very large strains. In other words, the strain hardening depends upon a
distance (length of the vector) from the current stress state to the limit surface, as

shown in Fig. 3.15.
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The plasticity model to be used is a two surface model with a fixed limit
surface, similar to that proposed by Lamba [3.16]. This model uses a von Mises
yield criteria with Mroz kinematic hardening. These calculations will result in

the stress histories for oy, Oy, and oxy and the strain history for e;. The Mroz

hardening model is discussed further and the needed equations presented in
Section 3.3.3.

Fiow Rule
The flow rule relates the plastic strain increment to the existing state of

stress and to the stress increment. The generally accepted normality flow rule,

sometimes called the Prandtl-Reuss [3.19, 3.20] equation, can be stated

de}f = d a%,- (3.5)
This equation states that the plastic strain increment is in the direction of the
normal to the yield surface at the current stress state, ojj. (The term df/dajj is the
gradient of the yield surface which by definition is perpendicular or normal to
the tangent of the yield surface at cij). Drucker, in Ref. [3.21], also developed
and proved this relation based upon a thermodynamic definition of work

hardening. Using this equation

of

P_ L
he then further derived
p_nof of
dz—:lj =G 30y 2 Idck[ {(3.6)

or
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dh=G o dok ’ (3.1
JoK|

The expression for dd may then be obtained as follows. Let Cdeﬁ) be the
projection of dojj on the exterior normal 1o the yield surface as shown in Fig.

3.16. Since the dot product of the exterior normal and a vector tangent to the

yield surface is zero

of
(dcu-Cd%ﬂggaso (3.8)

Substituting in the normality relation, Eq. (3.5),

at . af
(doij- Cdh 30 30-=0

of

dcgi -
L

=C of of

dOmn 90mn

dao of ot
ki

p 1 dok  9Gij

4 =T o _af_ (3.9)

aGmn aGmn

where C is the generalized plastic medulus.

Equation (3.9) may also be expressed in terms of deviatoric stresses

(using the identities presented in Appendix B) as

o of

_ 1 35¢ %5 a5 3.10

=T  of o (3.10)
dSmn 9Smn

de%)
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The deviatoric stress is
Sij = Gjj - 1/38ij0kk

where repetition of the subscript "k" implies summation and djj is the Kronecker

delta. Using the von Mises yield criteria with kinematic hardening

t=3/2 (Sjj- Sf)) (Sij - SF) (3.11)

this becomes

1 (Ski- Si[) dSki (Sjj - Si(;:)

de? -~ (3.12)
17 C (Smn - Smcn) (Smn v smcn)

The generalized piastic modulus, C, can then be related to the uniaxial

plastic modulus, Ep, where

Ep =g<% (3.13)
deyq
by evaluating Eq. (3.12) for uniaxial loading. By substituting
S11=2/3 611
S22 = 833 =-1/3 511 {3.14)

into Eq. (3.12), it is shown that
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Therefore, since Ep is the slope of the uniaxial stress-plastic strain curve, which

can be measured, the general plastic modulus, C, can be related to this

measurable quantity. This is

c-2gp (3.15)

From these equations, convenient expressions for the deviatoric stress

increment may be obtained for implementation in the computer procedure. For

an elastic stress increment or change this is simply

ASj = 2G Aej (3.16)
where Aejj is the deviatoric strain change

Aejj = Agjj - 1/3 Ojj Aexk (3.17)
and repetition of subscript "k" implies summation and dij is the Kronecker delta.

For an elastic-plastic strain change the deviatoric stress increment can be

determined as follows.

The total strain is the sum of the elastic and plastic strains

dej = dej + ey (3.18)
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In terms of deviatoric strains, since dei'jj = dei?

de;}— = del%E + dsl-]P
dasj

(dsﬂ 8;] dekk) 2G + dE’ . (31 9)

Restatling Eqgs. (3.9) and (3.10) for the plastic strain increment

gef o199 99y (3.20)

chn a(fmn

Qr

ot ot

4P _195g 95K 35;

§=C ot of
dSmn 9Smn

Bt

. : , i . aGjj
and dotting both sides of this equation with n, where n = -

( of of )
d0mn 9Cmn

gives

ot
(dej - 1/3 3 degy) 90 -
( of of
dGmn 9Gmn
o of of of
dS“ 80“” 1 dok| 801; 8(5.,

+c (3.21)

2G
\/(af o IEREI -
Gmn 9Smn 9Cmn IS  OOrs dars
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Using the von Mises criteria

since

of c
5;& 5jj = 3 (Sj - §) &y
= 3 (Sij & - S &)

=0

Equation (3.21) is now

Tt o oSy 1 of

de- = =
y oGj; dajj 2G *C o0k dow

As shown in Appendix B

of of
30“;] - aS;j
and
of of
'éa dGu = g's—l_ﬁ dS“
Therefore

(3.22)
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(3.23)

of T _of [22(;34%]

g*s—a dSj = dei} 'a—s—li AN

Using (3.19), (3.20) and (3.23) this gives

o _of T
. mn
T 1. .7, dSi _2G 9Sij 9Smn
(dej -3 8j%) =26 *36+C | T o o
a8k 9S8k

and rearranging gives an expression for the deviatoric stress increment

.
demn (Sma - Shn) (Sij - S)
2G

dSj =2G | dej - 1/3 8 de y - TS

2
(2/3 oy)

(3.24)

To determine the stress increment, dSjj, using strain gauge rosette data
and Eq. (3.24), an expression for d.c::,_F in terms of dsI, cie:;(r : dyzy, and C is needed.
This can be developed as follows.

If the strains are all elastic (ds;ir = de%) the expression for dsz can be

determined for a plane stress situation (6, = 0) from Hooke's law. This is

E -V E E
de, =(—1—_;)- (de, + day) (3.25)

where v is Poisson's ratio.

For an elastic-plastic situation Eq. {3.25) can be rewritten in terms of total

strains, plastic strains as
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(dey - det) = (:’V) (e - ey + de, - de) | (3.26)

Using the expression derived in Eq. (3.24) for the plastic strains, this can be

rewritten

R S
gel - ( 2G ) “mn 3Smn 9S;
R0 el
T _of of ot
(1-v)] % Y (EG + C) (2/3 03)

(3.27)
Expanding this equation gives

T T T
dey - K (Szz - 55) [dax (Sxx - 8%,) + dey (Syy - 85))

T T
+ dvyy (Sxy - 85) + de} (Szz- siz)}

T
=— {dax + ds-; - K {(Sxx - Six) + (Syy - Siy)} )

T T T -
[de" (Sxx - S + dey (Syy - SYy) + de, (S22 - $5,) + dvyy (Sxy - Siﬁ]}

(3.28)

°G
(2G+C)(2/3 oi)

where K =
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. : ) . T
Rearranging and combining terms gives the following expression for de, for a

plane stress case.

T T .
daI:{K[deI (Sxx - Syyx) + dey (Syy - S5y} + dvyy (Syy - sf;y)]

(Szz - ng) + "_V“ {(Sxx - Six) + (Syy - Siy)}:l —

——‘-_’V—(dsI + ds"g)}}/{ 1- K(Szz - S5,) [ (Szz - S%)

+ (1\-,\;) {(sXx - 8% + (Syy - siy)}] } (3.29)

These equations have been included in an incremental plasticity computer
procedure to predict the stress response of a component using strain gauge
rosette data as input. The flow chart of the computer procedure is given in Fig.
3.17. Additional technical details used in the model are discussed in the

following sections.

3.3.3 Mroz Hardening
The Mroz kinematic hardening model states that the movement of the
of the yield surface, f, center, wili be in the direction of the vector connecting

the current stress point and the point on the next surface, fi .1, with the same
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outward normal. This is illustrated in Fig. 3.13. The change in the location of
the yield surface center can be described in stress space as

L+1 L

. . , L.
where o is the center of the yield surface in stress space , oy is current stress

point and cilj'” is the point on next surface that has the same outward normal as

the normal to the yield surface at c]'i'.

In terms of deviatoric stresses, this is

c L ’

The point on the next surface that has the same outward normal is

SL+1
L L+1 o L L
S.-.+1 -8 =— (S5 -8) (3.32)
S0
L+1

where 55 and Sé are constants. Using the von Mises yield criteria, these are

the radii of the surfaces in deviatoric stress space.

Substituting (3.32) into {3.31) gives

d L+ L L L+1 L
dS%:;%[(so* - s sh-sitsyt st so)} (3.33)
0

-

Using the consistency equation (the requirement that the stress point must stay

on the yield surface during loading) which is

df=0
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the following expression is developed.

o o M o

ij

Using the von Mises yield criteria, this is

dafy c ofL c
55 =3Si-8) - as;- s
0S8 U c | 7 9
1 BSE
Ao
aSj~ BSE
ofL ¢
a—s‘a (dSj; - dSij) =0 _ (3.34)
Using (3.31) and (3.34)
dfL L L+l oL
o oL
3s; 95
dh =5t
L L+1 L
9Smn (S rrTn - S mn)

Substituting this back into Eq. (3.33) yields



53

of L
asmndsmn L L, oL L .L L+1 .7 1
c +1 c +1 cL+
O =3 le1 oL [(So - So) 8- (S5 8y -8y So)}gf
a5 (Sk Sk ' 0
(3.35)

Using the von Mises yield criteria

L ol oL
(Smn - S )dSq, (Sfa+1 i SIB) st . [SgL gl+1 S?_ll_n SIB}

mn ij i 0
dsf =
] L clL L+1 clL L
(Si; - S " S - S » ) Se

From Eq. (3.32)

SL+1 )
[#] [
Si* =— (5] -5 )+ S
S Y
0
" L L L 3
(Smn - S?’nn) dsmn
c -
L cL o L cL
(ki - S oL k- (Skb) + (St+t - s,
Q
- J
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For a two surface model with fixed limit surface ((Sél?)l'+1 = 0), this reduces to

L+1 L, o _ € L+1
c (Smn - S(,:nn) dSmn (SO B SO) S‘l SI] So
dsu = - & 0
SL 1 So

0
(Ski - ST oL (Ski - S%) - Sy

o

Therefore, the movement of the center of the yield surface using the Mroz

hardening rule is

(Smn - S%n) dsmn{si; (557" - 8% - 8¢ SL*‘}

c
dSE] =

- (3.36)
(Ski - S) [sku(s;” - shy- st sf&}

3.3.4 Plastic Modulus

In a two surface model, it is assumed that the generalized plastic

modulus, C, is a function of the distance from the current stress point of the yield
surface, Sjj, to the point on the limit surface with the same outward normal, S;'

so that

C = (Sj - Sy)

It is desired to relate this modulus to common material properties, specifically K’

-

and n'.

Since the uniaxial plastic modulus, Ep, is defined as

do

= p (3.37)
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where ¢ and eP are the uniaxial stress and uniaxial plastic strain, respectively,

the Ramberg-Osgood equation
o =K' (eP)I (3.38)
may be used to get an expression for Ep in terms of K' and n'. This results in

n'-1
do von (O
Ep= @ = K'(n") (K.) (3.39)

To relate these to the general plastic modulus, C, used in Eq. (3.9) or Eq.

(3.10) in terms of deviatoric stress

of of
dsmn Y=
deP = 9Smn 95 (3.40)
1 c of of
(aSkE BSkl)

a factor of 2/3 must be multiplied to the uniaxial modulus as described in
Section 3.3.3

n'-1

C= 23" _ 53 % - g- K() (e ™ (3.41)
To develop an expression for the modulus as a function of Sjj and Sit, itis
helpful to look at a uniaxial hysteresis loop as in Fig. 3.18. In this figure, the tips
of the loop are at +o| and -oL, the limit stress in tension and compression,
respectively. Also shown is the elastic unloading range. 26y, which is based
upon Massings hypothesis that the hysteresis curve is twice the monotonic
curve. These observations can be used to determine a functional dependence

ot the plastic modulus on Sjj and Siit.
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The plastic modulus, Ep, is a function of the distance possible between the

current stress and the limit stress, point B. As the current stress approaches the

limit stress, Ep goes to zero. Representing this distance as n, it is graphically
shown in Fig. 3.18 for a uniaxial situation. The maximum distance, as shown, is
the distance between point A, where reversed yielding first begins, and poeint B,

the limit stress. As shown in both Figs. 3.18 and 3.19, this maximum distance is
Mmax = 2(GL - Oy)

In a multiaxial situation, 1| represents the distance from the current stress
point to a point on the limit surface having the same outward normal as shown
in Fig. 3.20. An expression for this distance may be determined in the same
manner as the expression for the movement of the center of the yield surface

using the Mroz hardening rule. The point on the limit surface with the same

outward normal is
L OSL

oy = (Gij - o)
Oy

where a;j is the center of the yield surface in stress space, G:j' is the point on the

limit surface, o is the limit stress, and oy is the yield stress. The distance 1 can

be expressed as

8] O
TI=‘\/ {G—; (Cij - aif) - st] [;‘;' (O - aijj) - st} (3.42)

Now letting D be the normalized difference between 1 and Nmax




57

D=Tlmax'n

(3.43)
Tmax
6] Ol
2{cL - Oy} - [—E (o - eif) - 011] ["— (ojj - @ij) - Gij:l
Oy Oy
D= (3.44)
2(oL - Gy)
In the terms of deviatoric stresses this is
G c oL C
2(or - oy) - 3/2 \:‘—L (Sjj - Sij) - Sij:\ {__ {Sijj - Sij) - S;j}
Oy Oy
D =
2(oL - oy)
(3.45)

(The v 3/2 factor is needed for deviatoric stresses since the projection of oy into
the  plane is V2/3 Gy}

The value of D varies between zero and one. As shown in Fig. 3.21, it is
zero when yielding first starts after elastic unloading, point A in Fig. 3.17. This

value of D corresponds to a uniaxial stress of

G = (oL - 20y}
or
0 =20y - oL
D is equal to cne when the stress touches the limit surface. The uniaxial stress

in this case is

o= 0L
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An expression for the plastic modulus can now be developed using this
term D, and relating it to the uniaxial stress strain response. It is assumed that
the plastic modulus of a multiaxial stress-strain response will be the same as
the uniaxial response for identical values of D. In other words, in a muitiaxial
situation, when the point on the yield surface is some specitied distance from
the limit surface, the plastic modulus will have the same value as if a uniaxial
stress was this same distance from the uniaxial limit stress. Using Eq. (3.45)

this results in the following expression for the plastic modulus

1
1-—
2, ., RoL-oy)D-1)+ o) n

(3.46)

if the term in brackets is positive. Physically the term in brackets must be
positive. When this term is numerically negative, the plastic modulus is set o a
large value (~100,000 ksi). This condition only occurs immediately after
yielding and resuits in a small number of strain increments having a very small
plastic strain component. This small plastic strain is consistent with observed
material behavior in that the plastic strain component is small compared to the
elastic strain component immediately after yielding. After several nearly elastic
strain increments, the value of D quickly increases to a value that causes the
term inside brackets to be positive. This increase in D means that the yield
surface is getting closer to the limit surface. Consequently the plastic modulus,
C, which is calculated from Eq. (3.46), becomes smaller and the plastic strain
term makes up a greater portion of the total strain increment.

The results presented in Chapter 5 show that good agreement is obtained

between experimental and predicted stress-strain response using this method

of calculating C.
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3.35 Number of Increments _

In an incremental plasticity model, the predicted stress-strain
response is dependent upon the number of increments used in calcutating the
change in stress for some finite change in strain. The solution algorithm can
become unstable If too few increments are used. This instability is due to the

fact that the stresses are determined after the plastic strain increment is first

calculated such that

deT = def’ + de.l‘E
] i ij

de.r.E = deT - def’
1 ] i
. E

dS“ =2@G deu

If the number of increments is too small, a plastic strain increment may be
calculated that is larger than the total strain increment. In this case, a negative
elastic strain increment for a positive total strain increment is predicted, theraby
resuiting in a negative increment in stress. As expected, the solution quickly
diverges and becomes unstable.

It is desired to have enough increments that the solution converges to a
stable stress response. However, it is conversely desired to minimize the
number of additional increments so that exfraneous computer time and storage
is not needlessly used. This desire brings about the need for an efficient
scheme to determine the number of increments needed for a finite strain

change that insures accuracy and stability yet avoids excess calculations. The

following is such a scheme.
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Shown in Fig. 3.22 is some current stress state A whichis within the yield
surface (elastic response). If a strain change occurs such that the stress
response is no longer elastic, some combination of elastic and plastic response
occurs during the change. Since the elastic response is not dependent upon
the number of increments, the change in stress corresponding to the change in
strain occurring when going from stress point A to the yield surface is
determined directly in one step. After the stresses reach the yield surface,
plastic strains are developed. The solution now becomes dependent upon the
number of increments. The number of increments needed depends both on the
size of the strain increment, Agj;, and the degree of nonproportionality in the
strain change. The more nonproportional, the greater the number of increments
needed.

To determine the number of increments required, first suppose that point B
in Fig. 3.22 corresponds to the stress state that would be predicted if the change
in strains was totally elastic. The algorithm to determine the number of
increments must be a function of the size of the effective strain change and the
degree of nonproportionality, which is defined by the angle, 8, between ATé and

.__)
the normai to the yield surface at the point of intersection with AB, as shown in
Fig. 3.22.

To develop this algorithm, the stress state corresponding to point B must

be determined. Thisis

B A
811 = Eﬁ + AE”

B B B
eﬁ =E“ -1/3 6|§ S

S? =2G eijB
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— .
In addition, the stress state where the vector AB intersects the yield surface must

be calculated. This is

3 A B A C A B A C 2

g[(sf; - s5) + a(2Ga efj)][(s{} - 5§) + a(2GA e?j-)] -t (3.47)

Solving the quadratic for the positive root gives the scaling factor "a" and the
stress point, S, on the yield surface can now be determined.

* A B LA

The stress charge from Sé‘ to S“ is all elastic. The corresponding strain tensor

for this point is
. A

The remainder of the strain change
(1-a) Agj

is elastic-plastic and must be broken into increments to calcuiate the

corresponding stress increments. To determine the number of increments

needed, the following information is needed.

The radius of the surface that goes through the stress point B is
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HB=»\/3/2 (S5 - 85) (S5 - %) ‘ (3.50)

The size of the combined strain change can now be related to the ratio of Rg to

Ry. The term Ry is the radius of the yield surface, oy. Therefore,

gives some measure of the size of the effective strain change.

The angle 6, can be determined as follows

. B
S;(S;-Sip)
coso = {3.51)

- » B
(S mn Smn)(skl -

+ B
S(Sip - Sy

A relationship that relates the number of increments needed to these values is

G
nn= 24 [(1 - cosB) X + Y] (3.52)

where X and Y are constants and nn is the number of increments. The value of
X insures that a larger number of increments is used as the strain change is
more nonpropcrtionai. The value of Y insures that at least some minimum
number of increments is used when the loading is totally proportional.

The values X and Y were determined by evaluating the stress-strain
response for a number of paths including uniaxial, 90° out-of-phase and other

combined nonproportional paths. These values were empirically determined to
be X =20,Y = 2.
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Using Eq. (3.52) for the determination of the number ot increments avoids
use of an excess number of increments for smali, proportional strain changes
yet provides a larger number of increments for nonproportional or large strain
changes. This method avoids a waste in computer time and space yet insures

that enough increments are used for a stable stress response.

3.3.6 Neutral Loading
For neutrai or nearly neutral loading the stresses remain on the yield
surface but the center of the yield surface does not move. In other words, the
stress increment is along the tangent to the yield surface. Neutral loading is

described mathematically

ajsf_ij dSjj -0
“An algorithm is needed to insure that the stresses remain on the yield
surface. This algorithm is generally needed only for neutral loading or nearly
neutral loading such as 90° out-of-phase loading.
The need for this algorithm is made clear through the study of 90° out-of-
phase loading. In this case, the stress increment is nearly tangent to the yield

surface as shown in Fig. 3.23. However, the plastic strain is proportional to the

normal to the yield surface through the constant, dA, where

i doij
dh = & —22
“C  gf of
dCmn dGmn

Since the stress increment is parallel ta the yield surface and is perpendicular

to the yield surface normai, the dot product



of

oy
is zero. This causes di to be zero and consequently predicts the plastic strain
to be zero. Therefore, in this case, the elastic strain is equal to the total strain
and the stress increment is related to the total strain.

Since the movement of the center of the yie'td surface is related to the
amount of plastic strain, no movement is predicted.. Therefore, an elastic stress
increment is added to the current stresses while no movement in the yield
surface occurs. The addition of this elastic increment would then result in
stresses that are not on the yield surface (S'ij
situation the stresses are radially returned to the yield surface, S

in Fig. 3.23). To correct this
i» while leaving

the yield surface center stationary.

To ensure that the stresses remain on the yield stress the value of the

current yield function is calculated after the stress increments, dSjj, have been

added to obtain the current stress state, Sij-

yieldfunction = 3/2 (S; - s;i’) (Sij - s;]”')

The ratio of this value to the yield stress is then determined which is

(vieldstress)?2
K= \/ yieldfunction (3.53)

This value is then used to radially return the stresses back to the yield surface.
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3.3.7 Limit Plasticity
In a two surface medel, a yield surface and a fimit or bounding
surface are used. When the effective stress reaches the limit stress, flow takes
place. The limit stress represents a limiting value of tensile stress that can be
applied to a material in uniaxial loading. Perfectly plastic behavior or limit
behavior occurs when the stress reaches the limit stress. The von Mises

equation for the limit surface is
2
f=23/2 §; Sj - o =0 (3.54)

which, like the yield surface, is also a circle in deviatoric stress space. Flow, or
plastic strain change at constant stress, occurs when the stress point, Sy, fies on

the limit surface and Eq. (3.54) is satisfied.

The following equations are used in the computer code to model limit

behavior.

T

deIJ

E P
= delj + deij

T—d—sﬂ+dl-§f‘"

de:: =
i 2G aai

Multiplying both sides of the equation by Sjj gives

Sij de;? =—J—-—-18i.zgsi. + dAi "—af Sij
Since
of
Ao o
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Si de}? =§‘J2-g~s—‘i + d23S; Sj (3.55)

Since the stresses may not exceed the limit surface, only neutral loading is
allowed or

SidS;j=0

of
which can be physically interpreted as shown in Figure 3.23. The gradient 7;
ij

is perpendicular to the limit surface and dSij must be tangent since the dot

product of these two is equal to zero. Therefore, in the above equation

Syde; = dA3 (2/3 o) (3.56)
and
T
Si;deﬁ
dh=— (3.57)
2 GL
where

T T T

P_ 490
dei] = dA aGij

def = U\ 35

resuits in
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——5— S| (3.58)

An expression for the deviatoric stress increment analogous to Eq. (3.24) of is

now developed.

T
Smn de

dS; = 2G dt—:?i- 1/3 dEEk 8ij - Sij (3.59)

2/3 o0

- since

8
Smn 48 = Smn (demn - 5~ dekk)

and
Smn Smn = 0

T
Smn de mnSii

dSj = 2G | dej - 1/3 de jy 8- (3.60)

2/3 67

Similar to the discussion presented in Section 3.3.6 for neutral loading, the
stresses must remain on the limit surface. Therefore, after the stress increment,
dS;j, is added 1o determine the new stress state, the stresses are projected back

onto the limit surface. This procedure is done using the following equations.

Using dSjj calculated from Eqg. (3.60) above, the new equivalent stress, Fs,

is calculated which is
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Fs=[3/2 {(Sij + dSy) (S + dSi;)}:i”z

The stresses are then projected back to the yield surface by the following

b St
Sij = 0.99-;;-3- (S + dSj) (3.61)

where S| = V2/3 oL

(The factor of 0.99 is used for numerical reasons. This factor causes the
stresses to be almost on the limit surface.) Finally, the new stress increments

which cause stresses to remain on or just below limit surface are calculated.

These are

ds; = S7 - S (3.62)
The corresponding change in the center of the yield surface is
S = (1- 2 (s + dsy) (3.63)
oL

dSi® = Si¢ - Sji¢ (3.64)

From the equations presented in this section, the stress histories may be

calculated. Figure 3.17 shows the flow chart of the computer procedure to do
this.
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3.4 Planes

To evaluate the damage caused by the applied loading on an arbitrary
plane, the stresses and strains acting on the plane must be determined. The
following section describes the procedure used to determine these. In addition,
the applied loads develop a plane stress state on the surface of the component.
This plane stress state allows a reduction in the number of planes that must

actually be evaluated. This is also discussed in the following section.

3.4.1 Local Stresses and Strains

The orientation of a plane is defined by the vector normal to the
plane. The normal vector, n, is referenced ta the x-y-z coordinate system usihg
the angles ¢ and 98 as shown in Fig. 3.24. The right-handed x-y-z coordinate
system is defined by the position of the strain gauge as shown in Fig. 3.25. 1
strain gauge data is not used, the x-y-z coordinate system is defined by the user
where the z direction is always normal to the free surface. The 0 is the angle
from the z axis, while the angle ¢ is the angle from the x axis in the x-y plane.
The positive value of ¢ is from the positive x-axis to the positive y-axis.

To obtain the normal and shearing strains acting on an arbitrary plane, a
tensor rotation is performed. The strains and stresses are rotated from the x-y-z
coordinate system defined by the stain gauges or the user to the x'-y'-z'
coordinate system, which is the local coordinate system with respect to the
plane. In the local coordinate system, the z' direction is the same direction as
the normal vector, n, and the x'-y' axes lie in the plane. The x-y'-z' coordinate
system is right-handed and is oriented such that when 8 and ¢ are equal to
zero, the x' direction is in the direction of the y axis and the y' direction is in the
direction of the negative x axis. (See Fig. 3.24.)

As stated, a tensor rotation is performed such that
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Fij = 8ipfpqQgj

where ajp and ag; are transformation matrices made up of direction cosines. For

example, the transformation matrix ajp is

cos(x'x) cos(y'x) cos{z'x)
aip=|cos(y'x) cos(y'y) cos(z'y)
cos(z'x) cos(z'y) cos(z'z)

Using the angles ¢ and @ defined above, these matrices are

-5ing COS¢Q 0
@jp =| -COs¢Cc0sB -cosBsing sind
sinficosd sinfsing cosH

-sing -cosdcos® sinBcosod
8gj=| COS¢ -cosOsing sinBsing
0 sing cost

For the shear and tensile models used in this code, the normal stress and
strain, as well as the shearing strains, acting on the plane are needed. In terms
of the local coordinate system, these are £33, (the normal strain), oa3 (the
normai stress), and ez:a+ and 43 (the shearing strains, y1'3/2 = e13', Yor3:/2 =
€2'3). Performing the tensor rotation and using the fact that vy, = Yyz =Txz = Txz =

oz = 0, since it is a plane stress situation, these compenents become

€23 = -Exx(COS20COSHSING) - £y,(SiN20c0SOSING) + £55(SiNOCOSH)
- Yxy{cosBsinbcospsing)

€13 = -Exx(SINGCOSYSING) + eyy(Sindcosesing) + I;-! (-sin$sing + cos2¢sing)
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£33 = |28xx + mQE,yy + n2ezz “+ ‘nylm - (365)
o33 = izﬁxx + m2cyy + 2Txylm

where |, m, n are the direction cosines and are .
b= coscpsinG'
m = singsing
n = coso
Figure 3.26 shows the orientation of the local coordinate system and the
shearing strains, e1-3- and g2'3, for 8 = 45° and ¢ = 0°. Appendix C presents

additional examples of different plane orientations for several values of 8 and ¢.

3.4.2 Possible Planes
The number of planes on which the damage must be calculated is
reduced by faking advantage of the plane siress state. The representation of
the strain state for the two possible loading cases is shown in Fig. 3.27 using
Mohr's circle. In case A, both the applied strains ex and gy are positive. This
induces a contraction in the z direction. In other words, g7 is negative. In case
B, one appiied strain is positive and the other is negative. Consequently, ¢z,
which may be positive or negative, is located some place between gx and gy.
Using this information allows a reduction in the number of planes that must
be analyzed. For the tensile model, the plane experiencing the maximum
damage must be located in the x-y plane {8 = 90) as shewn in Fig. 3.28. For
the shear meadel, the plane experiencing the maximum shear damage can lie
either in a plane oriented 45° from the z axis (6 = 45), Case B, or in the x-y

plane (8 = 90), case A. In addilion, the shearing strain has a direction
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associated with it. Therefore, the damage associated with both g4'3 and ez
must be calculated and summed individually.

(A third case, other than case A and case B could exist where g, could be
larger than both ex and ey. However in the tensile model, no damage is pre-

dicted. Since no shearing strain occurs on the free surface (yy; = Yyz = 0), g7 is

X . . . \ . Aez AE']
the principal strain, g1, and o7 is the principal stress, o1, and o Oz="3 Of1.

Consequently, the tensile model is such that (Ae;,/2)c; = 0 since o5 is zero due
to the plane stress state. In the shear model, although damage is predicted, the
maximum shear occurs 45 degrees from g; (8 = 45) which is already taken into
consideration in case A. Therefore, this case need not be analyzed using either
the tensile or shear model.)

Using the shear damage model, the code first caiculates the damage on a
piane for the shearing strain ep'3- with 8 = 45 and ¢ varying from 0 to 180
degrees, in increments of 10 degrees. The value of 10° was chosen as the
increment size due to the fact that the damage calculated on the planes within 5
degrees on either side of the critical plane is very similar to the damage
calculated on this piane. This similarity is evident from the damage or fatigue
life plots presented in Chapter 5. The code then calculates damage for g1 with
6 = 45 and ¢ varying from 0 to 180 degrees in 10 degree increments. Finally,
since no shearing strain exists on the free surface, there is only one possible
shearing strain direction for 8 = 90. The damage calculations for 8 = 90 are
done last with ¢ varying between 0 and 180 degrees. Using the tensile model
the program only calculates damage on planes corresponding to 6 = 90°, ¢ - 0
to 180° in 10° increments. The flow chart for the computer program used to

impiement this procedure is shown in Fig. 3.29.
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3.5 Rainflow Counting with Tensile and Shear Models

Once the loading history has been edited or condensed and the stresses
and strains have been rotated to a plane, damaging events must be identified
on this plane. Damaging events--the appropriate cycles of strain--are identified
using a rainflow counting procedure.

Rainflow counting is a method of cycle counting first developed by
Matsuishi and Endo [3.22]. It has since become a generic term for any cycle
counting method which attempts to identify closed hysteresis loops in the stress-
strain response of another loaded component cycled in tension of compression.
ASTM Standards £E1049 [3.23] gives several rainflow counting algorithm easily
adapted into computer codes. An efficient "one-pass” algorithm developed by
Downing and Socie [3.24] is used in the code. The resuits obtained using this
method are identical to the results obtained using a method which starts at the
largest peak or valley.

Using this rainflow counting method, cycles of the normal or tensile strain,
€33, are identified for use in the tensile model, while the shearing strains, Yi'ar Or
Y2'3', are identified for use in the shear modei. The strain amplitudes
correspending 1o these cycles of strain are then used to calculate the damage
parameter. This parameter, in turn, can be related to fatigue damage or fatigue

life for this cycle. For example, using the tensile damage model given in Eq.

{2.13), the damage parameter is the product
Ae
50

where ¢ is the peak tensile stress occurring during the current cycle of strain on

this plane.
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This interpretation of the damage parameter is slightly difierent than the
interpretation used in the analysis of very short multiaxiai loading histories
made up of repeating cycles. For example, in that applicatioﬁ, as discussed in
Chapter 2 for the Smith Watsqn Topper parameter, the term Ae/2 has been
defined as normal strain amplitude on the plane experiencing the maximum
amplitude of tensile strain and ¢ as the normal stress on this plane. Therefore,
the critical plane was defined as the plane experiencing the maximum range of
tensile strain. However, in the multiaxial variable amplitude life prediction
methodology, this interpretation is slightly modified. In this approach, Ae/2 is the
normal strain amplitude and o is the normal stress for the current cycle on the
plane being analyzed. The critical plane is then defined as the plane
experiencing the maximum damage.

A simple example to point out the need for this modification is the loading
case made up of one cycle of tension followed by many smaller cycles of
torsion. It is intuitively obvious that the plane experiencing the largest
alternation of tensile strain will not be the failure plane. Rather, the many
thousands of torsion cycles will cause the majority of the damage, and the
critical plane will be the plane most damaged by the torsion cycles.

This same interpretation is used with the shear parameter given in Eq.
(2.12). Instead of the critical plane being defined as the plane experiencing the
maximum alternation of shear strain, ﬂ‘/ the critical plane is again defined as the
plane experiencing the maximum damage. Using this parameter, damage is

o]
calculated by the product of Qf and (1 + _n) where ? is the shear strain amplitude
o]

Y

and op is the normal stress for the current cycle of strain acting on the plane

being analyzed.
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It should be noted that this interpretation causes a slight irregularity 1o
occur for pure torsion. In this case, the critical plane is predicted to be planes
+10° from the planes experiencing the maximum shear strain, as shown in
Fig. 3.30. This 10° deviation from the maximum shear strain plane is due to the
normal stress term. The Mohr's circles for the stress and strain states in torsion
are shown in Fig. 3.31. As seen, for planes very close to the maximum shear
pianes, the shear strain amplitude is very close to the maximum shear strain.
However, on these planes a normal stress term is included as shown. (On the
maximum shear planes the normal stress is zero.) Cecnsequently, the predicted
planes are slightly different than the maximum shear planes. However, this
problem is not felt to be significant since the predicted failure plane is very close
to the maximum shear plane or the actual failure plane.

Using these damage parameters, the fatigue life, N¢, or tatigue damage,
1/Ny, associated with each cycle of strain can be determined using Eq. (2.12) or
Eq. (2.13) and uniaxial or torsional material properties, respectively.

The shear or torsional material properties needed in Eq. (2.12), w_ tr are
obtained from torsional strain life fatigue data. If these properties are not
available, they may be derived from the uniaxial matenal properties oy, g, using

a von Mises equivalency such that

=3

T o
N
V3

However, it is better to use measured values, if possible. The derived values
usually differ from the measured values. For example, Table 3.1 shows the

derived and measured shear values for stainless steel 304 and SAE 1045 steel.
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The damage asscciated with each cycle is summed yusing Miner's rule

[3.28], a linear damage summation technique, such that

where n is the number of cycles and Ny; is the fatigue life for the i-th cycle. A
damage value, D, is then determined for each plane. The critical plane is
identified as the plane with the maximum damage, D, and the fatigue life of the

component, in blocks to failure, is determined using the damage associated

with this plane.

3.6 Summary

A method to estimate the fatigue life of a component subjected to muitiaxial
loading and the details of a computer code developed to implement the method
have been presented. Technical details and objectives have also been
discussed. Using the code and experimental data, an evaluation of the

proposed method has been made. Results of the evaluation are presented in
Chapter 5.
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4. EXPERIMENTAL PROCEDURE AND TEST RESULTS

4.1 Introduction

Data from two types of experimental tests were used to evaluate and verify
the variable amplitude multiaxial fatigue life estimation procedure presented in
Chapter 3. Tension-torsion tests, conducted on thin-wall tubes, were used to
verify and evaluate the constitutive modelling. Predicted stresses determined
using the constitutive model were compared to measured stresses obtéined
experimentally for the same strain history. Variable amplitude tests conducted
on strain-gauged components were used to evaluate the complete variable
amplitude life prediction method, of which the constitutive modelling is just a
part. The following section describes the experimental procedures, materials,

and specimen geometries used for both types of tests.

4.2 Thin-Wall Tubes

Thin-wall tubes were tested using a MTS model 809 tension-torsion servo-
hydraulic load frame with an MTS model 463 processor/interface. A PDP 11/23
computer was used to run the tests in strain control while an internal
extensometer described in Ref. [4.1] was used to measure strains. Tension and
torsion loads and deflections were digitally stored using the computer, allowing
both stress and strain data to be determined and recorded. The shear strains
were controlled to mid-surface values.

Thin wall tubes of AISI 304 stainless steel and normalized SAE 1045 steel
were machined from hot rolled bar stock both containing manganese sulfide
stringers. The 1045 steel tubes had a wall thickness of 0.1 inch while the 304
tubes had a wall thickness of 0.15 inch. Both had a 1.0 inch internal diameter.

The specimens were polished to 0.5 micron surface finish. Refs [4.2-4.4]
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provide additional details on the testing procedures, materials, and geometries

of the test specimens.

In general, the out-of-phase tension-torsion tests were run at equivalent
von Mises strain amplitudes. In other words, the maximum shear strain, Y, was a
tactor of V3 times the maximum axial strain, e. The stress-strain response for
these tests was assumed to be stable at half the fatigue life and it is this
response that is reported here. Failure or fatigue life was defined as a 10%

drop in the stabilized load.

4.3 Variable Amplitude Loading of Notched Components

Variable amplitude tests loaded in bending, proportional bending and
torsion, and nonproportional bending and torsion were conducted on strain
gauge components. The test procedures and specimen geometry for the
bending and proporticnal loading are presented in the following section. The

corresponding information for the nonproponionai loading is in Section 4.3.2

4.3.1 Proportional Loading Tests
Proportional loading variable amplitude tests were conducted on
the notched component shown in Fig. 4.1. The component was machined out of
normalized SAE 1045 steel furnished as 63.5 mm diameter hot-rolled bar stock.
The component had holes drilled in the flat end so that the loading could be
applied to achieve either pure bending or combined bending and torsion. The
combined loading was obtained by applying the load through a 6 inch lever arm
secured usﬁng these holes, as shown in Fig. 4.2.
The SAE transmission loading history presented in Fig. 4.3, which was
developed and used in the uniaxial variable amplitude test program described

in Ref. [4.5], was applied to the component. The load history was scaled so that
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the maximum peak in the history corresponded to the maximum desired ioad
level. The components were run in load control using the fixture shown in Fig.
4.4,

White paint was applied to the component in the notch area allowing easy
detection of cracks during periodic visual inspections throughout the fatigue life
of the component. The fatigue life to crack initiation was reported when any
unquestionable crack or cracks were visible. These were on the order of 0.2 to
0.5 mm. Life to failure corresponded to separation of the component for the
pure bending tests and the development of a long crack {--1") for the combined
loading tests.

Variable amplitude tests were initially run on an unstrain-gauged
component until failure for a desired load level. The crack location was
identified from this test. Ancther component, with a strain gauge rosette applied
at this location, was then loaded with the same history at the same load level.
After repeated loading blocks were applied to allow the strain response 1o
stabilize, the strains were recorded using a SOMAT 2000. This strain gauge
rosette information was then used as input for the variable amplitude multiaxial
fatigue life prediction computer program. Figure 4.5 shows a component with

the strain gauges applied.

4.3.2 Nonpropertional Loading Tests
Nonproportional variable amplitude tests were conducted on the
notched companent shown in Fig. 4.6. This is basically the same geometry as
that of the shaft used in the SAE notched shaft round robin program discussed
in Ret. [4.6]. The only modification made to the SAE geometry was that the

notch root radius was enlarged to reduce the stress concentration and aliow
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easy placement of a strain gauge. The shaft was also made.out of SAE 1045
normalized steel in a hot-rolled condition with an as-machined surface finish.

A test frame, very similar to that described in Ref. [4.7], Was used to apply
the bending and torsional loads to the notched component. The system, shown
in Fig. 4.7, consisted of two 5000 pound actuators and load cells with MTS 408
controllers. In addition, an MTS 871 programmable test site controller was used
to control the variable amplitude load signals. TheA871 controiler was set up
with two independent output channels, each feeding into a 406 controller. The
two channels were linked together for starting, holding, and stopping at the
same time. The history fed into the 406 controllers consisted of 200 discreet
points that were taken from the SAE transmission history. These were
approximately the 200 largest excursions in the transmission history and were
manually input into the 871 system. Appendix D lists the values used in the
history with the largest value given as 100%. ldentical histories were fed into
each controller, with an offset in time between the two signals corresponding 1o
111 excursions in the history as shown in Appendix D. This resulted in truly
nonproportionat loading as shown in Fig. 4.8 , which is a strip chart recording of
the two load signals. The loading rate between peaks was held approximately
constant as shown. _

Like the proportional tests, a SOMAT 2000 was used to obtain the strain
histories and white paint was applied to the specimen surface to allow easy
detection of cracks. In both proportional loading and nonproportional loading
tests, stacked strain gauge rosettes, Micromeasurements WK-06-060WR250
gauges, were used.

Nonprdportional variable amplitude loading tests were conducted at three
load levels. The smallest load level had a maximum peak in the history that

was 46% of full scale, where full scale was approximately 5000 pounds. The
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middle load level had a maximum peak of 51% of full scale, -while the maximum
load level tested had a maximum peak of 55%.

Again tests were run on components to failure. The cfacking location was
observed and one strain gauged component was then run to obtain the three
strain histories. The strain-gauged shaft was first loaded with a variable
amplitude loading history whose maximum peak was 46% of full scale,
hereafter termed the 46% load level. Blocks 1-7 were recorded at this load
level. The test was continued and blocks 19 through 25 were again recorded
with the strain gauges rezeroed before the initial recording (before block 19).
The strain gauges were rezeroed to remove any drift in the gauges.
Subsequently, the test was again continued and blocks 33-34 recorded at the
46% load level. The load level was then increased to 51% and strain histories
were taken at blocks 35-44 and 45-46. The block count continued from the 46%
test such that block 35 represented the first block after the loading was
increased. Finally, the load level was increased to 55% and blocks 46-51 and
52-53 were recorded.

The strain histories recorded varied between biocks. In other words, the
strain history for block 19 did not have the same appearance as block 20 and
block 20 did not have the same appearance as block 34, as shown in Fig. 4.9.
Output from the strip chart recorder, Fig. 4.8, insured that there was no
ditference in the timing of the load signals. Instead, it was believed that this
behavior was due to transient material response. Normalized SAE 1045 steel
cyclically softens and it is reasoned that the boundary between the piastic zone
on the outside of the shaft and the elastic core continued to change (the size of
the plastic zone became larger) throughout the lite of the shaft. This theory was
supported by the fact that a bend or permanent set occurred in the shafts tested

at the 51% and 55% load levels. Instead of occurring at the beginning of the
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life of the shaft, however, the bend or set progressively developed throughout
the fatigue life. In other words, the elastic load carrying capacity of the shaft
continued to decrease with fatigue life.

In addition to the strain histories obtained as described above, a shaft
tested at a 55% load level to failure (Specimen NP5) was strain gauged at a
midpoint in life. Strain histories at blocks 542 and 674 were then obtained for
compatrison to the strain history obtained at biock 52 at the 55% load level in the
incremental test described above. The actual test specimen tested at 51%
(NP6) was also strain gauged. Block numbers 2, 5, and 665 were recorded for
comparison to the incremental test histories. Again, the strain gauges were re-

zeroed before each reading.

4.4 Test Results

Table 4.1 presents the results of tests conducted on the two types of SAE
1045 notched components. Three types of tests were conducted: bending, in-
phase bending and torsion, and out-of-phase bending and torsion. Two tests
were run in bending with a maximum load of approximately 5500 N for the peak
load in the variable amplitude SAE transmission history. Two tests were also
conducted in proportional ioading with a maximum load of approximately 4500
N, as well as two nonproportional tests at the 55% load level. One non-
proportional test was run at each of the two load levels, 46% and 51%. Good
repeatability was observed for the duplicated tests as reported in Table 1.

In ail the tests, the cracks initiated at or very near the tangency point of the
notch. Thg fracture surface of specimen PB4, tested in pure bending, is shown
in Fig. 4.10. Multiple crack initiation sites occurred on a plane located
approximately 3.1 inches from the flat end of the component, the tangency point

of the notch root radius. Although a macroscopic tensile failure was observed
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for the pure bending tests, the cracks initiated in a shear mode as evidenced by
the "factory roof top” fracture surface. Also, the side view of the fracture surface,
presented in Fig. 4.10b, shows significant 45 degree cracking, indicative of
shear crack initiation. The final failure plane was oriented perpendicular (90
degrees) from the direction of maximum principal stress. Clearly defined
regions of crack growth can be seen on the fracture surface.

The plane on which cracking occurred in the pure bending tests was
identified from test specimens PB2 and PB4. Due to the symmetry of the
loading and the component geometry, the maximum load occurred along the
center line of the component, 3.1 inches from the flat end of the component.
Therefore, two strain gauge rosettes were placed on either side of the center
line at this location. One gauge was oriented such that the legs of the rosette
made angles of 0, 45, and 90 degrees with a line perpendicular to the center
line of the component as shown in Fig. 4.5. The second gauge made angles of
-45, 0, and 45 degrees from this same ‘Iine. The second gauge allowed
verification of the first strain gauge data. In addition, it allowed two different sets
of strain gauge readings (with different values dus to the different orientations)
to be used as input to the computer program. The fatigue life predictions should
be independent of gauge orientation. This information allowed verification that
the program did, in fact, produce similar fatigue life predictions regardless of
gauge orientation.

In the proportional loading tests, the cracks first Initiated at the tangency
point of the notch root radius, approximately 1/4 inch from the specimen edge.
Thus ther strain gauge was placed at this location on the specimen used to
obtain the strain history, as shown in Fig. 4.11. In the proportionally loaded
specimens run to failure, PL2 and PL3, many smail cracks were observed in this

general vicinity before a major crack developed. This is predictable since the
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stress distribution is relatively constant in the area 3/16 inch and 1/2 inch from
the specimen edge.

The fracture surface of the proportionally loaded specimen PL3 is shown in
Fig. 4.12. As seen. it had a "factory roof top" appearance, although much less
pronounced than that observed in the pure bending. Multiple crack initiation
sites were observed, which is typical of a fatigue failure at this high load level.
These cracks linked to form a macroscopic failure crack on a plane that was
criented generally perpendicular to the center.line of the specimen.

In the nonproportionally loaded tests, cracks initiated from machining
marks in all except one test. (See Fig. 4.13.) Fash [4.8] reported the same
surface finish sensitivity of the SAE notched shafts when tested under constant
amplitude loading. In only one test, NP6 (51% load lavel), was the surface
painted to allow easier detection of the cracks. In this case, the crack initiated
and grew on a plane oriented about 70-80 degrees clockwise from the center
line of the specimen as shown in Fig. 4.14.

Cracks initiated on the top surface of the specimen, at the tangency point of
the notch root radius. Consequently, a strain gauge was placed at this location
on the specimen used to obtain the strain histories and on NP6 and NP5. In all
cases, the middle leg of the rosette, labeled "Channel 2" was placed paralle! to
the axis of the shaft. The leg of the rosette labeled "Channel 1" was oriented 45
degrees clockwise to the middie leg and "Channel 3" was oriented 45 degrees
counter-clockwise, as shown in Fig. 4.15.

The strain histories obtained in the three types of tests were used as input
to the multiaxial variable amplitude life prediction procedure. The results of
these an.aly-/ses and the comparison of the predicted faligue lives to the

experimentally determined lives is presented in the following chapter.
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5. MODEL EVALUATION

5.1 Introduction

The model presented in Chapter 3 was evaluated and verified in several
methods. First, the constitutive model was verified by comparing the predicted
stress-strain responses to experimentally determined results from thin wall
tubes. The variable amplitude multiaxial fatigue life prediction model was then
evaluated using simple nonproportional variable amplitude loading test results
obtained experimentally on a thin wall tube. Finally, results from analyses,
which used experimentally obtained strain histories as input, were compared to
the corresponding fatigue lives of components determined experimentally. The

results of these comparisons are presented and discussed below.

5.2 Constitutive Model Verification

The constitutive model, described in detail in Chapter 3, was evaluated by
comparing predicted stress-strain responses with the responses determined
experimentally from tests conducted on thin wall tubes. The tensile and
torsional loads and deflections were measured in these tests. Although the
actual stress response varied with the wall thickness, it was assumed that this
variation was negligible and that the axial and shear stress was constant over
the wall thickness. This assumption is consistent with the assumptions made by
other researchers [5.1-5.3).

The constitutive model was modified from a general piane stress version
(where three strains are used as input) to a version for predicting the stress-
strain response of thin wall tubes. This modification was done by setting the

circumferential and radial strains equal and relating them to the axial strain

through the following equation
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dsl:{K[deI(sxx - 85,) + dyky (Sxy - siy)} [(sZz - 8%.) + V(Sxx - six)}

-vdsl}/{‘l - 2K(S; - §,) {(S“ - 8%} + v(Sxx - six)}} (5.1)

where K = 2G > and ex and yyxy are the axial strain and torsional
(2G + C)2/30y)

strain, respectively.

The predicted and measured stress-strain responses are presented in
Figs. 5.1 - 5.4 for the stainiess steel 304 and Figs. 5.5 - 5.9 for the SAE 1045
steel. Tables 5.1 and 5.2 present the material properties used as input for the
constitutive code. It should be noted that the 1045 steei does not exhibit much
nonproportional hardening. Therefore, the information needed for input to the
model was easily obtainable from the cyclically stable uniaxial stress-strain
response, shown in Fig. 5.10. Alternatively, the stainless steei exhibits a
significant amount of nonproportional hardening. The stress-strain curve for a
general nonproportional test for this material lies socmeplace between the
cyclicaily stable uniaxial stress-strain curve and the stable stress-strain curve
obtained for 90 degrees out-of-phase loading, both of which are shown in Fig.
5.11. The values listed in Table 5.2 represent those taken from a stress-strain
curve between these two extremes.

As can be seen from the measured and predicted responses for the
stainless steel 304, the mode! was successful in predicting the generai shape of
the curves. In addition, the maximum stress values predicted are close to the
measured values for all lests except the 90 degrees out-of-phase test. In this
test, the increased nonproportional hardening obtained experimentally causes

the maximum stress values to be larger than the predicted stress response.
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This represents an upper bound, however, in the difference between a
predicted and measured response for relatively simple loading paths such as
these. (In Fig. 5.3, the input strain history was the expérimentally obtained
strain history which had been subsequently edited for peaks. The editing
caused the unusual little jump in the axial strain vs. shear strain plot and the
axial stress vs. shear stress plot.) From these results, it is felt that predictions
from the constitutive modei and the experimental results are in good agreement.

To verify that the model worked well for more than one material, a series of
nonproportional strain histories were evaluated using the 1045 steel. Again,
the predictions were quite successful in predicting the general shape and
trends observed in the measured stress-strain response. In addition, the
maximum stresses predicted were very close to the measured values for the
lower strain ranges. Only for the histories with the large strain ranges, shown in
Figs. 5.8 and 5.9, did the predicted values differ appreciably from the measured
values. As seen in these figures, at high strain values for the SAE 1045 steel,
the predicted absolute maximum stress values were below the actual values.
The predicted stress-strain response was "toa rounded" at high values. This
predicted response was very possibly due to the material parameters chosen to
be used as input. However, no attempt was made to “"tinker" with the
parameters since most engineers would not have the luxury of this "tinkering".
Instead, it was felt it was more important to leave these predictions as they were
an attempt to understand the limitations of the model. .

In general, it was concluded that the two-surface model employing Mroz
kinematic hardening was successful in predicting the stress-strain response of a
thin wall tube loaded in combined nonproportional tension and torsion. From
the data presented, the methods used to represent the plastic modulus from

readily available material constants seemed 1o be successful.
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Like many two surface models with fixed limit surfaces, the model does not
predict "material memory" behavior well. instead a stress response like that
shown in Fig. 5.12 is predicted using this type of model. This predicted
behavior is due to the method of madeling the plastic modulus. In these two
surface models, the plastic modulus is taken to be a function of the distance
from the current stress point to the limit surface. Fixing the limit surface resuits
in an absolute value of the predicted peak stress response slightly smaller than
that for the actual stress response for the sub-cycles. The advantages of this
type of two surface model, however, are such that this known error is accepted.
It is not felt to significantly affect the life prediction results.

Tests were performed to insure repeatability and 'stability of the stress-
strain response. Stability of the model is especially critical in predicting the
stress-strain response of long variable amplitude loading histories. The stress-
strain response for a number of identical cycles applied consecutively was
predicted. It was verified that the model was stable and repeatable for repeated
loading.

Based upon the evaluations and comparisons made between the model
predictions and experimental results, it was felt that significant accuracy in the
stress predictions was obtainable to incorporate it into the variable amplitude
lite prediction model. Evaluation of the total method could then be made. The

results of the evaluation are discussed in the following section.

5.3 Evaluation of the Variable Amplitude Multiaxial Fatigue Life
Prediction Method

5.3.1 Comparison with Test Results of Thin Wall Tubes
The variable amplitude multiaxial fatigue life prediction method was

initially evaluated by comparing experimental results from a test conducted on a
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stainless steel 304 thin wall tube to results predicted using the proposed
method. The details and conclusions from this comparison are discussed
below. |

As discussed in the methodology presented in Chapter 3, the critical plane
is defined as the plane experiencing the maximum damage. The fatigue life
calculations are then made using the stress-strain response on this plane. To
determine the critical plane, the damage on all planes must be evaluated. This
evaluation is done, as described in Chapter 3, by rotating the stresses and
strains to a plane, rainflow counting the appropriate cycles of strain for the
chosen damage model, determining damage for all cycles, and summing
damage. Using the measured stresses and strains from a test on the thin wall
tube, this procedure was analyzed and verified in detail.

A stainless steel 304 thin wall tube was subjected to the tension-torsion
strain controlied history shown in Fig. 5.13. Also shown in Fig. 5.13 are the
axial strain history and the shear strain history for this nonproportional loading
history. The axial and shear stress responses, as well as the stress-strain
responses, are shown in Fig. 5.14.

Since stainless steel 304 was observed to form tensile cracks for a wide
variety of loading modes and strain ranges as discussed in Chapter 2, the
Smith Watson Topper tensile model, given in Eq. (2.13), was used. In this
model, the normal strain and the normal stress must be determined on the
different planes. Figs. 5.15a - 5.15¢ shows the normal stress-strain response tor
the planes oriented at -70, +70, -50, +50, - 40, +40, -30, +30, -20, +20, -10, +10
degrees from the horizontal. (If the loading was completely uniaxial, the
maximum tensile stress or strain would be the 0 degree plane while in a

completely reversed torsion test, the +45 and -45 degree planes experience the

maximum tensile stress or strain.)
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As discussed in Chapter 3, in the variable amplitude multiaxial life
prediction methodology the damage associated with a cycle of strain is

Ag
determined by the product of the normal strain amplitude, 5 and the normal

stress, g, acting on the plane being analyzed. Therefore, although both the -30
degree plane and the +30 plane experience the same range (or amplitude) of
normal strain, the -30 plane is predicted to experience more damage because
the maximum normal or peak stress is 10 percent larger than the normal stress
on the +30 plane. This prediction is experimentally supported by observations
of cracking behavior developed under this loading. Fig. 5.16 shows that the
cracking occurred on a plane oriented between -30 and -40 degrees from the
horizontal. The peak stress caused the critical plane to be oriented on this
plane rather than one criented at + 30 degrees.

The computer model used the measured strains as input. Fig. 5.3a and
5.3b show the predicted and measured stress-strain responses, respectively.
The results of the complete analysis are shown in Fig. 5.17. As can be seen,
the plane predicted to experience the maximum damage (minimum fatigue life)
is oriented at -20 degrees from the horizontal. A fatigue life of 188,000 cycles
was predicted from the damage analysis on this plane, with the damage on the -
20 and -30 degree planes almost equal. These results are in good agreement
with the actual fatigue life of approximately 90,000 cycles with the failure crack
oriented at an angle between -30 and -40 degrees.

This method seems to work well from the variable amplitude, low-cycle
fatigue test conducted on thin wall tubes in the laboratory. A more critical test of
this method is the ability of the model to predict fatigue lives of actual

components. This is discussed in detail in the following section.
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5.3.2 Variable Amplitude Loading Analyses of Strain-Gauged
Components

The strain histories obtained in the SAE 1045 steel component tests
were used as input into the variable amplitude multiaxial fatigue life prediction
computer program to evaluate the proposed method. The following section

describes the results of these analyses and discusses some of the technical

details and conclusions.

5.3.2.1 Bending

Two tests were lcaded in pure bending as described in
Chapter 4. These test specimens, PB2 and PR4, were subjected to the SAE
transmission history with the maximum load equal to approximately 5500 N.
Strain histories were obtained for two gauge orientations as described. These
strain histories were used as input into the computer code. The original strain
histories from each leg of the strain gauge rosette are shown in Fig 5.18a for the
0. 45, 90 degree gauge orientation. Also shown in Figs. 5.18b and 5.18¢ are
the edited &y, &y, and Yxy Strain histories and the oy, Oy, and 1yy stress histories.
The corresponding strain and stress histories for the -45, 0, 45 gauge
orientation are shown in Figs. 5.19a - 5.19¢. Note that althcugh a significant
number of data points were removed from the original histories to obtain the
edited histories, in these figures the same horizontal ("time") scale was used to
plot both the original and edited histories for ease of comparison and
verification. (The editing level was set at 0.0002 infin so that small sub-cycles,

with strain ranges below this value, were edited out.)
Both shear and tensile analyses, using Egs. (2.12) and (2.13) respectively,
were performed. The predicted fatigue life using the shear model was 773

blocks and the predicted fatigue life obtained using the tensile model was 2714
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blocks. The experimentally determined initiation fatigue lives obtained were
544 blocks for PB2 and 678 blocks for PB4.

It is not surprising that the results obtained with the shear analysis were
closer 1o the actual lives since the damage development was shear dominated
as was-reported in Chapter 4. The observation that damage development in
SAE 1045 steel is shear dominated has been made by other researchers. As
discussed in Chapter 3, Hua et. al. [5.4] found that even in pure tensile loading
of thin wall tubes, shear damage dominated at low fatigue lives or high strains.
Fatemi and Socie [5.5] also found that damage in nonproportionally loaded
1045 steel tubes was shear dominated. Consequently, it is expected that the
shear damage model would better correlate the fatigue lives of the other 1045
steel variable amplitude tests since damage dévelopment is shear dominated.

As stated previously, two strain gauge rosette histories were obtained for
the bending test using different gauge orientations. The analyses made using
data from the two gauges insured that the lite prediction scheme was
independent of gauge orientation. For the gauge with the legs of the rosette
oriented at 0, 45, and 90 degrees from a line parallel ic the flat end of the
specimen (termed the 0, 45, 90 gauge), a shear fatique life of 773 blocks was
predicted. The normal to the predicted faiiure plane was oriented at 6 = 45 and
¢ = 90 as shown in Fig. 5.20. Recall from Chapter 3, the orientation of the
gauge defines the x-y-z coordinate system from which theta and phi are
referenced. In this case, the x direction was defined by the O degree leg.
Therefore, the failure plane intersected the surface of the specimen at a line
perpendicular to the loading direction and was oriented at a 45 angie into the
surface of the specimen.

Using the strain history from the strain gauge rosette with the legs oriented

at -45, 0, and +45 to a line parallel to the flat end of the specimen (the -45, 0, 45
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gauge), the shear analysis results predicted a fatigue fife of 769 blocks. This
result is virtually identical to the life predicted by the 0, 45, 90 gauge. The
normal to the failure plane predicted using the -45, 0, 45 histories had an
orientation of & =45 and ¢ =140 degrees. Since the 45° leg defines the x-
direction, the ¢ = 140° plane is almost perpendicular to the axis of the shaft.
Again, this predicted plane is virtually identical to the failure plane predicted in
the first analysis. The exact plane would have had an orientation of 6 =45 and o
=135 degrees. However, the increment size for phi in the damage analysis was
10 degrees and therefore, the program only analyzes the damage on planes
corresponding to ¢ = 130 and ¢ = 140 degrees. Consequently, ¢ = 140 degrees
is chosen as the failure plane. The difference in the predicted fatigue lives
resulting from the difference between ¢ =135 and ¢ = 140 degrees is negligible.

The difference in the predictions from the tensile analyses is again less
than 1 percent. The fatigue life predicted from the 0, 45, 90 gauge was 2714
blocks While 2735 blocks were predicted for the -45, 0, 45 gauge. The
predicted failure planes were 6 = 90 and ¢ = 90 degrees and 6 = 90 and ¢ = 140
degrees, respectively. These represent virtually the same plane. It is the plane
perpendicular to the bending direction. (Again, the 5 degree difference in phi is
due to the 10 degree increment size used in the analyses. This difference
causes the very small difference in the fatigue lives.)

The damage plots for the shear and tensile analyses, for both the 0,45,90
degree and the -45,0.45 degree gauge orientations are shown in Fig. 5.21a and
5.21b, and 5.22a and 5.22b, respectively. As shown in Fig. 5.21a, the plane
predicted (o experience the maximum shear damage for the 0-45-90 gauge
orientation is 6 = 45 and ¢ = 90. The § = 90, ¢ = 45 degree and 6 = 90, ¢ = 135
degree planes are predicted to experience approximately haif that damage.

The reason for this difference is explained as follows.
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In a cyclic tensile test of a small round bar, the maximum shear planes are
oriented at 45 degrees 1o the tensile axis. Thus, all planes oriented 45 degrees
to the axis, as shown in Fig. 5.23, experience equal values of shear strain
amplitude. This fact can also be seen from the Mohr's circle diagram for
uniaxial strain, also shown in Fig. 5.23. Since in a small round bar the gx and ey
strains are equal, the maximum shear strain is defined as any plane oriented 45
from the tensile direction, ey, as shown. Therefore, using the orientation defined
by the 0, 45, 90 gauge, if this test specimen was a small round bar the damage
on the plane with normal at 6 = 45, ¢ = 90 degrees (the plane oriented 45° into
the thickness of the specimen) would be equal to the damage on the 6 =90, ¢ =
45 degree plane (the plane oriented 45° to the axis of the specimen which
intersects the surface at 90°).

As discussed, however, in the analyses of the actual test specimens, the
damage on the 6 = 45, ¢ = 90 degree plane is larger than the damage on the 6
= 90, ¢ = 45 plane. Although in a small round bar the €x and gy strains are
equal, in the actual test specimen the e, strains were smaller than the gy strains.
The width of the test specimen constraine the contraction in the width or x
direction. Consequently, &, is much smaller than -vey which can be easily seen
in Fig. 5.18b. The maximum vaiue of gy is approximately 0.0038 in/in while the
corresponding value of ey is approximately -0.00018, or nearly zero instead of -
0.00114. (This value, -0.00114, would approximately be the contraction in the
smali bar, -vey, using a Poisson's ratio of 0.3.) However, since the z diréction is
the through-thickness direction, or the direction normatl to the free surface, a
contraction occurs in this direction. Using the usual engineering assumptions, it
is assumed that this is equal to -vey. Therefore, the strain state can be
represented by the Mohr's circle shown in Fig. 5.24, with the absolute value of

ez larger than ex. The larger value of £; causes the maximum shear strain to
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oceur on the plane that makes a 45 degree angle into the surface. This is the
plane whose normal vector makes the angles of 6 = 45 and ¢ = 90 degrees to
the x-y-z coordinate system, as was predicted in the analysis.

The lateral constraint, or the constraint in the x direction, also induces a
tensile stress in the lateral direction as shown in Fig. 5.18¢c.’ This strain state is a
plane strain condition and causes the vaiue of the y stress to be greater than if
the material was allowed to contract in the x direction. The increased stress, in
turn, affects the fatigue life prediction since both the tensile model and shear
medel incorporate a stress term. This prediction was shown to be true from
resuits of a uniaxial analysis that was performed using only the gy strain history.
Using a traditional uniaxial Smith-Watso.n-Topper analysis, the predicted
fatigue life was 4912 blocks to failure.- This fatigue life is almost twice the value
predicted using the multiaxial tensile analysis and over six times the valué
predicted by the shear analysis. Therefore, the effect of incorporating the
constraint is a reduction in the predicted fatigue life, resulting in a life prediction
much closer to the actual fatigue fife.

This constraint also explains why the cracks were observed to initiate in
the center (in the x direction) of the specimen. The constraint is greatest along
the center line. As the distance to the edge of the specimen decreases, the
constraint in the x direction decreases. Consequently, the cracks initiate where
the lateral tensile stress, oy, induced by the constraint is largest. This is at the
center of the specimen.

These points emphasize the importance of understanding the multiaxial
stress state, even in a situation (pure bending) where a uniaxial analysis would

typically be performed.
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5.3.2.2 Proportional Loading

Proportional loading variable amplitude tests were
performed using the SAE transmission history. The results of these tests, PL2
and PL3, were compared to the predicted results which used the experimentally
obtained strain histories as input. The strain gauge rosette histories are shown
in Fig. 5.25a. In the gauge orientation, shown in Fig. 4.11, the rosette legs
made angles of 0, 45, and 90 degrees from a line paraliel to the flat end of the
specimen. The gauge orientation is such that using a right-hand coordinate
system, the positive direction of the shearing stresses and strains is as shown in
Fig. 5.26.

Using the shear model, the predicted fatigue life was 109 blocks to failure
while the actual initiation life was 221 blocks for PL2 and 185 biocks for PL3.
The normal to the predicted failure plane was oriented at 6 = 45 and ¢ = 100
degrees. The predicted tatigue life using the tensile medel was 392 blocks with
the normal to the failure plane oriented at 6 = 90 and ¢ = 100 degrees. Like the
pure bending test, shear damage was observed from inspection of the fracture
surface in the proportional loading tests. Consequently, use of the shear model
tor fatigue life prediction is more appropriate. Comparisons between actual and
predicted fatigue lives using this model were approximately within a factor of
two.

The damage plots for the shear and tensile models are given in Figs. 5.27a
and 6.27b, respectively. It is not surprising that the failure planes were
predicted at ¢ = 100 degrees since the bending stresses and strains were much
farger than the shear stresses and strains. (The value of ¢ for the pure bending
was 90 dégrees.) In other words, the applied bending moment had a much.
greater effect than the applied torque. The greater bending strains caused the

maximum damage 10 occur on a piane oriented only 10 degrees away from the
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plane normal to the bending load. Again, as in the pure bending situation, the
lateral constraint caused the predicted failure plane to be oriented 45 degrees
from the normal to the free surface or 45° into the specimen thickness.
However, as shown in Fig. 5.27a, the damage on the 6 = 90 and ¢ =50and ¢ =
140 degrees planes was almost as large as the damage on the predicted failure
plane. These planes represent the planes experiencing the maximum shear
damage in the x-y plane. (Remember, when 6 = 90 degrees, the normal to the
plane lies in the x-y plane, or parallel to the surface of the specimen.
Consequently, these planes intersect the surface at right angles.)

The fracture surfaces of the failed specimens, PL2 and PL3, exhibited a
“factory roof top" appearance, indicative of shear damage. This shear damage
is on planes whose normals lie in the X-y plane. Alternatively, the predicted
failure plane was oriented 45 degrees into the surface of the specimen. As
stated above, however, the damage predicied on the ptanes producing the
"factory roof top" fracture surface was very similar to that on the planes orientad
45 degrees into the surface of the specimen. Consequently, the observed

shear growth into the specimen on the X-y planes is not inconsistent with the

predicted results.

5.3.2.3 Nonproportional Loading
Nonproportional loading tests were conducted at three load
levels as described in Chapter 4. As was discussed, in these tests the
specimens were subjected to a loading history made up of approximately the
200 largest excursions in the SAE transmission history. The input load history
was scaled to three different loading values -- termed the 46%, 51%. and 55%

load levels. The strain histories from these load levels were then used as input
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to the variable amplitude multiaxial fatigue life prediction program. The results

of these analyses are presented below.

469 Level

The strain gauge orientation is shown in Fig. 4.15. The legs of the rosette
made angles of -45,0,+45 to the axis of the shaft. The x direction is defined by
the gauge labeled "Chan-nel 1". It is 45 degrees clockwise from the axis of the
shaft. This is the gauge orientation used for all the nonproportional tests.

The strain gauge rosette histories, the &y, gy, and Yy histories, and the oy,
oy, and txy histories are shown in Figs. 5.28a-28c. These are the histories
obtained from the strains measured during the 33rd loading block on the strain
survey shaft. Using the shear model, the predicted fatigue life was 13,453
blocks to failure. The actual initiation life was approximately 3715 blocks. The
predicted failure plane was 6 = 45 and ¢ = 50 degrees which is the plane shown
in Fig. 5.29. The predicted life using the tensile model was 33,354 blocks on
the plane whose normal was oriented at 6 = 90 and ¢ = 50 degrees. Like the
proportional loading situation, the bending load had the greatest influence on
the fatigue failure.

‘As discussed in Chapter 4, the fatigue crack initiated from the machining
marks. These happen to be aligned with the plane normail to the bending load
(¢ = 45 degrees). The influence of these machining marks served as a
microscopic stress concentration or crack initiation site. A reason that the life
prediction differs from the experimental life and is non-conservative may be due
to this influence. Another reason for the non-conservative predictions is due to
the stressrpredictiens from the constitutive model. As shown in Fig. 5.8 and 5.9,
the constitutive model under-predicts the stresses for histories with large

nonproportional strains. These factors both cause the predicted fatigue life to
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be greater than the actual life. However, the life prediction is still within a factor

of four of the experimental value.

19 vel

The strain and stress histories for the 51% load level are presented in Fig.
5.30. These histories were obtained from block 45 of the strain survey shaft.
The predicted fatigue life was 7048 blocks using the shear model, on a plane
whose normal is oriented at 0 = 45, ¢ = 50 degrees. The actual fatigue life was
1675 blocks. The tensile model predicted a fatigue life of 22161 blocks with
failure on the 8 = 90 and ¢ = 50 degrees plane. The difference between the
predicted life (using the shear model) and the actual life was again only slightly
larger than a factor of four. Again, it is felt that the stress predictions were
probably lower than the actual vaiues, resulting in the non-conservative life
prediction.

A second analysis was performed with the strain history taken from the
actual shaft, NP6. In this case, this corresponded to loading block number 665.
The life predictions yielded similar results. The shear life prediction was 7386
biocks compared to 7048 blocks from the previous analysis. The tensile
analysis yielded a fatigue life of 27802 blocks compared to 22161 biocks from
the first analysis.

In the actual shaft, from which the history for the second analysis was
obtained, the shait was painted. The gaugé was therefore placed on a painted |
surface at the same location on the shaft as the gauge on the as-machined
surface. The failure plane predicted in this analysis was in the x-y plane (9 =
90°) whoése normal was oriented at 8 =90, and ¢ =120 degrees, with very similar

damage predicted on ¢ = 30, 50, and 120 degree planes. The crack in the
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specimen actually grew on a plane 10-20 degrees counterclockwise from the

horizontal as shown in Fig. 4.14. This corresponds to 6 = 90°, ¢ = 55°-65°.

v, Level

The strain and stress histories for the 55% load level are presented in Fig.
5.31. These histories were obtained from loading block number 52 on the strain
survey shaft. The shear analysis results yielded a life prediction of 3309 blocks
on a plane whose normal was 8 =90 and ¢ = 50 degrees. The actual life was
1003 for NP3 and 983 for NP5. Again, both shafts had machined surfaces
(were not painted) and fatigue cracks initiated from machining marks. This
corresponded to plénes whose normal was oriented at 8 = 90 and ¢ =45
degrees. However, it may not be appropriate to try to correlate the predicted
planes with the actual planes due to the influence of the machining marks. The
fatigue life correlation, using the shear model, though, was again within a factor
of 3.5.

The strain gauge histories taken from the actual shaft, NP5, at block
number 542 and 674 were aiso used as input for an analysis. The shear
anaiysis for block 542 resulted in a fatigue life prediction of 4726 on a plane
with a normal criented at 8 = 45, ¢ = 50 degrees, while that for block 674 was
predicted to be 2825 on a plane with = 90°, ¢ = 40°. As described in Chapter
4, progressive bending of the shaft cccurred threughout the life for the shafts
tested at this load level. The difference between the analyses conducted on the
strain survey shaft and the actual shaft may have been due to this bending. in
addition, it is understandable that a longer life was predicted using the input
from block 672 compared to that predicted from block 542. For load control

tests, as microcracks and damage are developed in the critical locations, the
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strains become larger. The increase in strains results in a shorter life prediction,

in this case one that turns out to be closer to the actual fatigue life.

5.3.2.4 Summary

Figure 5.32 presents a summary of the results of the compar-
isons between the experimental and predicted fatigue lives for the three types of
tests. These values are tabulated in Table 5.1. As can be seen, the overall cor-
relation is gocd. The results of the bending and proportional tests fall within a
factor of two, while the nonproportional tests results generally fall within a factor
of four. As discussed, the reason for the non-conservative error in the
nonproportional tests is believed to be due in part to the stress predictions. As
- shown in comparisons to thin wall tube test results, the predicted stresses are

below the actual values for nonproportional loading with large strains.
In general, it is felt that the resuits of the correlations provide strong support

for the proposed methodoiogy.
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6. MULTIAXIAL STRESS AND STRAIN EFFECTS

6.1 Introduction

The development and verification of the variable amplitude muitiaxial
fatigue life estimation computer code allowed example loading cases, as well
as the variable amplitude histories, to be studied in order to better understand
the effects of nonproportional cyclic multiaxial loading. Specifically, two main
areas were addressed. First, the effect of the local multiaxial stress state on
fatigue life predictions was studied. Second, the effect of the local cyclic
multiaxial strain state on the damage developed per plane and the eventual
identification of the critical plane was analyzed.

The results of these studies are discussed in the following chapter.

Several example loading cases are presented that emphasize the importance

of these effects.

6.2 Local Multiaxial Stress State Effects

The local stress state obviously affects fatigue life since a normal stress
term is incorporated in both the shear and tensile damage models, Eqgs. (2.12)
and (2.13), respectively. What can often be misleading, though, is the fact that
the local stress state may vary appreciably from that associated with the
remotely applied loads. This is especially true in situations involving
engineering components with complex geometries.

A good example of this was presented in Section 5.3.2.1 in connection
with the component loaded in pure bending. Although the remotely applied
loading was uniaxial, the local stress state developed at the notch was
multiaxial, even in this relatively simple geometry. A stress was developed in

the lateral direction (x direction) due to the constraint caused by the width of the
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specimen. This lateral stress caused an increase of apprdximately 12-13% in
the bending stress compared to a true uniaxial situation. This increase in stress
caused an increase in fatigue damage, especially for the cycles with small
strain ranges.

The difference in the fatigue life predicted using a multiaxial analysis and a
uniaxial analysis, both using a Smith Watson Topper parameter, was
approximately a factor of two, with the uniaxial being more non-conservative.
Using the multiaxial shear damage parameter, the difference was over a factor
of six. The effect of considering the muitiaxial stress state resulted in a life
prediction much closer to the experimentally determined value, even in a
situation where the applied loading was uniaxial.

Another example of the importance of considering the multiaxial stress
state is provided by comparing the estimated fatigue lives obtained from a
uniaxial analysis and a multiaxial analysis. For instance, using the shear
damage mode! to analyze the 46% load level, nonproportional test (NP4)
resuited in a life prediction of 13,453 blocks to failure on a plane oriented 45
degrees into the specimen and intersecting the specimen surface at 90 degrees
to the bending direction. The predicted life using the multiaxial tensile damage
analysis was 33,354 biocks on a plane oriented perpendicular to the bending
direction. For comparison, uniaxial analyses were performed using the strain
histories obtained from each of the three legs of the strain gauge rosette. These
resulted in life predictions of 365,330 blocks, 52,650 blocks, and 230,889
blocks to failure for the three legs oriented at -45 degrees, 0 degrees, and +45
degrees from the axis of the shaft, respectively. The actual life value, as
reported in Chapters 4 and 5, was 3715 blocks to crack initiation.
Consequently, the uniaxial life predictions were very non-conservative. The

best uniaxial prediction, from the 0 degree gauge, differed from the actual life by



104

a factor of 14, while the multiaxial analysis was within a factor of 4. These
resuits support the need to understand and account for the local multiaxial
stress state, as well as the need to use the appropriate multiaxial damage
model.

The need to understand the local multiaxial stress state is further
substantiated from the results presented in Tabie 6.1. In this table, the uniaxial
estimations, the multiaxial estimations and the actual fatigue lives are listed.
(The uniaxial life listed for each test represents the most non-conservative
fatigue life estimated from the three strain histories of the rosette. This is the
v:alue closest to the actual fatigue life.) Again, these resuits clearly support the
need to account for the local multiaxial stress response in the damage analysis.

A third example of the need to understand or predict the multiaxial stress
response is shown graphically in Fig. 6.1. This figure presents the actual stress
and strain data obtained in the four box loading path of the stainiess steel tube
rotated to the -20 degree plane (8 = 90, ¢ = 70 from the horizontal). If a single
strain gauge had been oriented to allow the strain history on this plane to be
measured, the measured history would have been that shown in Fig. 6.1a.
Using this strain history as input, the predicted uniaxial stress strain response
would be that shown in Fig. 6.1¢ which is very different from the measured
response shown in Fig. 6.1b. Using uniaxial stress prediction techniques, the
unusual subcycles "hung on the outside" of the major hysteresis loop are not
predicted. This error in the prediction of the stress history affects the fatigue life
estimate. As discussed in the examples above, the differences between the
stresses predicted using uniaxial techniques and those predicted using
multiaxial {echniques significantly affect fatigue life estimations, especially for

long histories with many cycles.
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Finally, as discussed in Chapter 2, mean stresses may significantly affect
the fatigue life of a component subjected to multiaxial loading. Local muitiaxial
mean stresses may be developed due to the path dependency of the stress
response as shown in Fig. 5.9a. As shown in this figure, both an axial mean
stress and a shear mean stress are developed due to the applied strain path,
even though the strains are completely reversed. In addition, the effect, or even
presence, of mean stresses is dependent upon the applied strain range. For
example, like the uniaxial situation, the multiaxial mean stresses relax out at
high strain amplitudes. Additionally, mean stresses may not be developed at all
in the multiaxial situation if the strain amplitude is too large. This strain
amplitude dependency is shown in the following example.

Shown in Fig. 6.2 is an example loading path made up of reversed
uniaxial straining with a mean torsional strain. It is assumed that this loading is
applied to a compenent such as a thin wall tube. In this example, the torsional
and axial strains are first applied proportionally to point "0". Subsequently, the
torsional strain is held constant while the uniaxial strain is cycled.

Fig. 6.3 shows the predicted axial and shear stress-strain response for
loading case one. In this case, the axial strain amplitude is 0.0025 and the
torsional mean strain is 0.0025. Notice that the mean shear stress decreases
as the axial strain is cycled. However, a small mean shear stress exists during
the axial cycling. This biases failure to the plane rotated 45 counterclockwise
from the axial axis (the plane whose normal is oriented at © - 90 and ¢ = 45
degrees from the horizontal) as shown in Fig. 6.4. This prediction is consistent
with the experimental observations made by Robillard and Cailletaud and
shown in Fig. 2.6.

The predicted axial and shear stress-strain responses for loading case two

are shown in Fig. 6.5. The axial strain amplitude is 0.005 and the torsional
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mean strain is 0.003 in this loading case. In this case, the torsional mean stress
is decreased almost to zero. This decrease is due to the material's inability to
carry both the large torsional load and the large axial load. Therefore, the
material begins to shed the torsional load, resulting in a very small mean
torsional stress. This lack of torsional mean stress causes the predicted
damage to be very similar on both the planes rotated 45 clockwise and 45
counterclockwise from the axial direction. Consequently, mean stresses are not
developed and do not affect the predicted fatigue life at this high strain level.
This example shows that the existence of multiaxial mean stresses, as in
uniaxial loading, is dependent upon the applied strain range. Consequently, a
understanding of the resulting stress state is needed in both evaluating the
effect of mean strains and in evaluating damage on the correct faifure plane.

The affect of the cyclic strain state on different planes is discussed in more detail

in the following section.

6.3 Local Cyclic Multiaxial Strain State Effects

Several examplo cases were developed and analyzed io study the effect
of the applied loading on various planes in the material. The following
examples emphasize the need to understand how the' loading combines on
different planes in order to identify the correct critical plane and to then predict
the corresponding fatigue life from the damage on this plane.

In the first example, the two loading paths in Fig. 6.6 were analyzed. In
both loading paths, the strain ranges were the same, Aex =€ and Agy = €. In the
first loading path, however, there was a compressive mean strain in the y-
direction, while in the second loading path there was a tensile mean strain in
the y-direction. Using the shear damage model, the fatigue lives and failure

planes predicted in the analyses were very different. In fact, the loading path
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with the mean tenslie strain resulted in a longer predicted life than that
predicted for the loading path with the compressive mean strain. Only after
analyzing the effect of the applied loading on different planes can this be
understood and explained. .

Figs. 6.7 and 6.8 show the applied loading on an incremental cube of
material, the Mohr's circle representation of the strain state, and the value of the
shearing strain acting on three planes at three points in the loading path for
both of the loading cases. The damage per plane plots for both loading cases
are shown in Figs. 6.9 and 6.10.

As can be seen from Fig. 6.9, all planes with the normal vector lying in the
X-y plane (8 = 90) experience no damage. The shearing strain on all 6 = 90°
planes is equal and constant. This can be seen easily from Fig. 6.6 for the Yoy
shearing strain. Thus, although a shearing strain exists, it does not vary.
Consequently, no strain reversals occur on this plare. (A basic assumption in
the development of fatigue damage is that the damage occurs by to and fro slip.
When the strain on a plane remains constant, it is therefore predicted that no
fatigue damage occurs.) Alternatively, as shown in Fig. 6.6, both the v, and Yyz
experience a variation in shearing strain, with the strain amplitude equal to

T+v
((1 V)) €. Since the normal stress, op, acting on the Yxy Plane (8 =45,¢6=00r¢ =

180) is slightly larger than that acting on the Yyz Plane (0 = 45, ¢ = 90), using Eq.
(2.12), the damage predicted on the Yxz Plane is slightly larger. These results

are shown in Fig. 6.9.

The strain occurring on the three planes is shown in Fig. 6.8 for the second
loading path. In this case, the largest aiternation of shear occurs on the v,
plane (8 = 90, ¢ = 45 and 6 = 90, ¢ = 135). This is consistent with the damage
predictions shown in Fig. 6.10.
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Comparing the first and second loading paths, it is now understandable

why path one is predicted to have the shorter fatigue life. The maximum
(1+v)e
(1-v)

approximately 0.4 for this elastic-plastic situation, this results in 2.3¢ for path one

~ alternation of shear strain for this case is Assuming Poisson's ratio to be

compared to the maximum alternation of shear strain of 2¢ for loading path two.
Therefore, only by understanding or evaluating the effect of the combined
loading on the different planes can the critical plane be identified and an
appropriate multiaxial life prediction made.

A second example that emphasizes the need to understand the effect of
the combined loading on different planes was also developed. The loading
paths used in this example are shown in Fig. 6.11. In this example, all end
points in the loading paths have the same von Mises equivalent strain.

The strain histories associated with these loading paths are shown in Figs.
6.12 and 6.13. The strain in the x direction was input as -vey, where v was
assumed to be approximately 0.3. Figs. 6.14 and 6.15 present the shear
damage plots and Figs. 6.16 and 6.17 show the predicted normal stress-strain
and the shear stress-strain responses on the plane perpendicular to the axial
lcading direction (6 = 90°, ¢ = 90°).

For loading path three, the failure plane was predicted to occur on a plane
whose normal was oriented at 8 = 90 and ¢ = 120 or 130 degrees from the
horizontal (x-directon). This represents a plane rotated approximately 45
degrees clockwise from the axial loading axis. The failure plane predicted for
loading path four was on the plane perpendicular to the axial loading direction
(8 =90°, ¢6.= 90°). In addition to different failure planes, loading path three was

predicted to have approximately twice the fatigue life of loading path four.
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Again, to understand this, one must look at the effect of the combined loading
on different planes.

The predicted shear stress-strain response for the first loading path, path
three, on the failure plane ¢ = 130, is shown in Fig. 6.18. As can be seen, there
is @ major cycle with a shear strain amplitude of 0.0032 and a subcycle with a
shear strain amplitude of 0.00075. Thus, although the amplitude of the shear
strain cycle on the ¢ = 90 plane is larger than the major cycle on the ¢ = 130
plane, the presence of the subcycle on the ¢ = 130 plane causes a greater
fatigue damage on this plane.

The failure plane predicted for the second loading path, path four, was the
plane whose normal vector was oriented at © = 90 and ¢ = 90 from the
horizontal. This is the plane normal to the axial loading. Therefore, the applied
shear stress-strain response shown in Fig. 6.17 is also the shear stress-strain
response on the failure plane. Two cycles of shear strain occur on this plane,
each with an amplitude of 0.00306. (They are superimposed in Fig. 6.17. The
presence of two cycles is more clearly seen from the strain history shown in Fig.
6.13.)

From the shear stress-strain predictions on the failure planes for each
loading path, it Is clearly seen why loading path four is predicted to have the
shorter fatigue life. It experiences two large cycles of shear strain while loading
path three experiences only one major ¢ycle of strain. Consequently, the
fatigue life predicted for loading path three is almost twice that predicted for
loading path four.

Again, this example emphasizes the need to understand the effect the
combined loading has on various planes. This understanding is required for

the correct identification of the critical plane and for the corresponding muitiaxial

fatigue life prediction.
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8.4 Summary

The need to understand both the local multiaxial stress and strain states
and the effecis of these on various planes has been shown in the above
examples. This understanding is essential for the correct identification of the
critical plane and for the corresponding fatigue life predictions using critical
plane modeis. Although the exact form of these models will surely change as
more multiaxial fatigue data becomes available, the need to understand the

effect of the combined loading on the different planes is fundamental for the use

of these methods.
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7. CONCLUSIONS

1. A variable amplitude multiaxial fatigue life estimation méthodology has been
developed which is based upon an extension of the uniaxial variable amplitude
fatigue strain-life approach. It incorporates critical plane damage models that
are representative of the physically observed damage. A computer code that

implements the proposed methodology has been developed and verified.

2. A relatively simple two-surface plasticity model, needed in the. proposed
method, has been developed. It has been shown to be successiul in predicting
the stress-strain response observed in tests conducted on thin wall tubes. The
model, which needs only readily available material constants for input, remains

numerically stable for iong variable amplitude multiaxial strain histories.

3. Experimental strain gauge rosette data and corresponding fatigue lives have
been obtained from components subjected to propertional and nonproportional
variable amplitude loading. Good correlations between predicted and actuai

fatigue lives have been achieved.

4. Understanding and incorporating the local multiaxial stress and strain
response in the damage models is important in successtully estimating the

fatigue life of a component subjected to variable amplitude multiaxial loading.
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Table 3.1 Measured and Derived Shear Constants

Measured Derived
Material ¥, T ¥ = \Eaf = c}/\fg
(ksi) (ksi)
SS 304 0.413 102.8 0.296 83.7
SAE 1045 0.413 73.2 0.450 79.4
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' Table 4.1 Experimental Fatigue Lives of Components Subjected
to Proportional and Nonproportional Loading

Life at First Life at
in ndition Detected Crack Fingl Failure
(Blocks) (Blocks)
Pure Bending
(SAE Transmission History)
(Max Load = 5500N)
Specimen No. 2 (PB2) 544 759
Specimen No. 4 (PB4) 678 1180
Proportional Loading
(SAE Transmission History)
{(Max Load = 4500N)
Specimen No. 2 (PL2) 221 411
Specimen No. 3 (PL3) 185 331
Non-Proportional Loading
(Non-proportional History)
(100% = 5000 Ibs.)
46% TEST (NP4) 3715 4176+
51% TEST (NP6) 1675 1937
55% TEST (NP5, NP3) 983, 1003 1110, 1003
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Table 5.1 SS304 Material Properties

Modulus of Elasticity, E 27,000 Ksi

Yield Stress, oy 35.0 ksi
Limit Stress, o 100.0 ksi
Poisson's Ratio, v 0.3
Fatigue Strength Coefficient, o 145.0 ksi
Torsional Fatigue Strength Coefficient, < _ 103.0
Fatigue Duictility Coefficient, g 0.171
Torsional Fatigue Strength Coefficient, y; 0.413
Fatigue Strength Exponent, b : -0.114
Fatigue Ductility Exponent, ¢ -0.402
Cyclic Strength Coefficient, K' 240.0 Kksi

Cyclic Strain Hardening Exponent, n' ' 0.287
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Table 5.2 SAE 1045 Steel Material Properties

Modulus of Elasticity, E , 30,000 ksi
Yield Stress, oy 40 ksi
Limit Stress, o 80 ksi
Poisson's Ratio, v | 0.3
Fatigue Strength Coefficient, o; 137.5 ksi
Torsional Fatigue Strength Coefficient, 1 73.2
Fatigue Duictility Coefficient, & 0.26
Torsional Fatigue Strength Coefficient, v 0.413
Fatigue Strength Exponent, b : -0.092
Fatigue Ductility Exponent, ¢ -0.445
Cyclic Strength Coefficient, K 182.0 ksi

Cyclic Strain Hardening Exponent, n' 0.208
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Table 5.3 Predicted versus Experimental Fatigue Lives

N i N ;
experimental predicted
(Blocks) (Blocks) Nprea/Nexp
Pure_Bending
PB2 544 770 1.4
PB4 678 770 1.1
Proportional Loading
PL2 221 109 0.5
PL3 185 109 0.6
Non-Proportional Loading
NP4 3715 12,453 3.6
NP8 1675 7048 4.2
NP8 983 3309 3.4
NP3 1003 3309 3.3
SS 304 Thin Wall Tube
S8371 ~30,000 188,000 2.1

1 Prediction made using tensile moda!, all other predictions (pure bending,
proportional and nonproportional loading) were made using shear model.



117

Table 6.1 Uniaxial and Muitiaxial Estimates of Fatigue Lives

Multiaxiai

Actual Uniaxial
Loading Mode Life Estimate Estimate
(Blocks) (Blocks) (Blocks)
Bending 44 770 4912
678
Proportional Loading 221 109 456
185
Nonproportional Loading
46% 3715 12,453 52,654
51% 1675 7,048 29,700
5% 983 3,309 19,323

1,003
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Figure 3.10 (a) Loading History Made up of Repeating Blocks
(b) Stress-Strain Response for First Block
(c) Stress-Strain Response for Second Block and All Other Blocks
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Figure 3.13 Representation of Mroz Hardening Model
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Yield Surface, f(cij )

8,

Two Surface (Von Mises) Model in nPlane

Figure 3.14 Two Surface Model in & Plane
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(Continued from Figure 3.17a)
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Figure 4.1 Notched Component used for Proportional Loading
ang Pure Bending Tests
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Figure 4.2 Component Subjected to Combined Loading
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Figure 4.3 SAEL Transmission History
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Test
Specimen

Figure 4.4 Test Fixture for Proportional and Pure Bending Tests
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R¥e

Figure 4.5  Strain-Gauged Specimen used for Proportional and Pure Bending
Tests -
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Figure 47 SAE Notched Shaft Tes

t Fixture Used for Nonproportional
Loading Tests
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(b)

Figure 4.10 Fracture Surface of Component Tested under Pure Bending Variable
Amplitude Loading (a) Top View (b) Side View
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Figure 4.11 Strain Gauge Orientation on Proportionally Loaded Notched Shatft
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Figure 4.12 Fracture Surface of Proportionally Load Components, Specimen
PL3
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Figure 4.13 Cracking Observed in Nonproportionally Loaded Component,
NP3. Cracking Initiated from Machining Marks
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Figure 4.14 Cracking Observed in Nonproportionally Loaded Component,
NP6
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Figure 5.20 Predicted Failure Plane for 0, 45 and 90° Gauge
in Bending Test
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Figure 5.24 Mohr's Circle of Strain for Bending Tests
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Loading Case 1
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Point 1 E =

Point 2 g = -0.00075

Loading Case 2
Point 0 e = -0.0015

Point 1 € = 0.0015

Point 2 g = -0.0015

Example Loading Path Made Up of Completely Reversed Uniaxial Strain

0.00075
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g, =-0.0025 v =0.0025
e,=00025 7y =0.0025
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and a Torsional Mean Strain.
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APPENDIX A: EDITING EXAMPLES

To understand the procedure for editing multiaxial histories, it is
convenient to look at two examples. The first example is a uniaxial loading
history. Procedures used for uniaxial editing are reviewed. Next, a multiaxial
example is presented. The modifications to the uniaxial procedure are pointed
out and discussed.

Figure A.1 shows an example of a uniaxial strain history. Assuming that
the editing level is larger than the small subcycles (i.e., cycle BC) then the
edited history should be that shown in Fig. A.2. This is obtained by following
the few basic rules stated below. These are discussed in a step-by-step

manner in the evaluation of the history given in Fig. A.1.

Uniaxial Editing Rules
Four data points are used for the evalualions of peaks and for the editing
procedure. These paints are: |
i)  "Last valid peak” (Last peak stored. Initially, the first point in the data file is
labeled the "last valid peak".)
i)  Second_point
i) Third_point
iv)  Fourth_point

Rule 1: Using the three points, Second_point, Third_point and Fourth_point,
determine if the Third_point is a reversal. If (Fourth_point - Third_point) is of
opposite sign or equal to {Third_point - Second_point) then Third_point is a

reversal). If Third_point is not a reversal, the value of Fourth_point becomes the

Third_point and a new value of Fourth_point is read from the data file,
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Rule 2: If Third-point is a reversal, using the three points, Last Valid peak,
Second_point and Third_point determine if the Second_point is a possible
peak. If (Second_point - Last valid peak) is of opposite sign or equal to

(Third_point -Second_point) then the Second_point is a possible peak.

Rule 3: If the Third_point is a reversal and if the Second_point is a possible
peak then:

A} If |Third_point - Second_point| > Edit Level then Second_peoint is now
"Last valid peak” and is consequently stored. The value of the Third_point then
becomes the Second_point and the next data point is read in from the data file

as value for the new Third_point.

B) If [Third_point - Second_point| < Edit Level then Second_point remains a
possible peak and the current Third_point value is dropped and a new

Third_point is obtained by reading in the next point in the data file.

Rule 4: If the Third_point is a reversal and Second _point is not a possible peak
then, drop the Second_point. The current Third_point then becomes the
Second_peint and the next point in the data file becomes the Third_point.

These rules are followed to obtain the history in Fig. A.2. This is

discussed step-by-step below.

1. Last valid peak = Initial point = A
Second_point = B
Third_point = C, (Hereafter these are just listed in order of the last valid
peak, second_point, third_point. I[n this case, ABC.)
Fourth_point = D ' '
From Rule 1: (D-C) and (C-B) are of opposite sign, therefore C is a
revarsal,
From Rule 2: (C-B) and (B-A) are of opposite sign, therefore B is a possible
peak. From Rule 3B, |{C-B| < Edit Level, therefore drop C and read in the
next data point, D, to be the new Third_point.
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2. From Rule 1 point D is a reversal. For points ABD, (B-A) and (D-B) are of
the same sign, therefore from Rule 4, drop B. D now becomes the
Second_point and E the Third_point.

3. For ADE, (D-A) and (E-D) are of opposite sign. Therefore, D is a possible
peak. Since |E-D| < Edit Level, drop E. The new Third_point is F.

4. For ADF, (D-A) and (F-D) are of the same sign. Drop D. Therefore
Second_point = F and Third_point = G.

5. For AFT, (F-A) and (G-F) are opposite in sign. F is a possible peak. (G-F) <
Edit Level, therefore drop G. The Third_point now is H.

6. For AFH, (F-A) and (H-F) are opposite in sign. [H-F| < Edit Level, drop H,
Third_point = I.

7. For AF, (F-A) and (I-F) are of opposite sign. [I-F| > Edit Lever. From Rule
3A, store F. F is now Last Vaiid Peak, Second _point = |, and Third_point =
J.

This process continues until all data is read. Figure A.2 shows the edited
results for this example. The last data point in the file is stored as a peak.

When editing a multiaxial loading history, certain modifications must be
made to the uniaxial editing procedure due to the muitiaxial stress-strain
response of a material. The editing procedure must be modified to enable all
channels to be edited while maintaining the relatioﬁships between the channels
with respect to time. This .is discussed below. The rules for the multiaxial

editing procedure are then given and explained using an example.

Multiaxial Editing Rules

For each channel, channel, x four data points are used:
i) Last valid Peak_x
i)  Second_point_x
iii}  Third point_x
iv)  Fourth_point_x
Rule 1: Using the three points, Second_point_x, Third_point_x, and
Fourth_point_x, determine if the Third_point_x is a reversal. If (Fourth point_x -

Third_point_x) is of opposite sign or equal to (Third_point_x - Second_point_x)
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then Third_point_x is a reversal. If Third_point_x is not a reversal, the value of

Fourth_point_x becomes the Third point_x and a new value of Fourth_point_x

is read from the data file.

Rule 2: If the Third_point is a reversal, then using the three points, Last Valid
peak_x, Second_point_x and Third_point_x determine if the Second _poini_x is
a possible peak. {f (Second_point_x - Last valid peak_x) is of opposite sign or
equal to (Third_point_x - Second_point_x) then the Second_point_x is a

possible peak.

Rule 3: If the Third_point is a reversal and if the Second_point_x is a possible
peak then:

A) If [Third_point_x - Second_point_x| > Edit Level then Second_point_x is
now "Last valid peak_x" and flag to store the data is set. The value of the
Third_point_x then becomes the Second_point_x and the next data point is
read in from the data file as value for the new Third_point_x.

B) If |Third_point_x - Second_point_x| < Edit Level then Second_point_x
remains a possible peak and the current Third_point_x value is dropped and a

new Third_point_x is obtained by reading in the next point in the data file.

Rule 4: If the Third_point is a reversal and if Second_point_x is not a possible

peak then:

Drop the Second_point_x. The current Third_point_x then becomes the

Second_point_x and the next point in the dat file becomes the Third_point_x.

After the data on all channels corresponding to the current time is

evaluated, if the store-flag is set then data from all channels corresponding to
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the time of "last valid peak” are stored. in addition, if there are any current
"possible peaks” that have not been stored yet, these are also stored. (Data
corresponding to any specific time is stored only once and all channels of data

are stored for this time.)

Multigxial Example

An example of three multiaxial loading histories, simulating data taken

from a strain gauge rosette, is shown in Fig. A.3. The multiaxial editing rules
are followed to obtain the edited history shown in Fig. A.4. This procedure is

discussed step-by-step below.

1.1 Last valid peak_1 = A4
Second_point_1 = B4
Third_point_1 = C+4 )
(Hereafter, these are just listed in order of the Last valid peak_x,
Second_point_x, Third_point_x. In this case, A1, B1,C1.)
Fourth_point = D4
From Rule 1: (D4-C1) and (C4-B+) are of opposite sign. Therefore C4
is a reversal. From Rule 2: (C4-B1) and (B1-A1) are opposite sign and
B1 is a possible peak. From Rule 2B: |IC1-B1| < Edit Level, therefore
arop C1 and read in next data point, Dy, for Third_point_1. .

1.2 A2B2Ca, Fourth_point = D5
From Rule 1: (D2-C2) and (C2-B») are of opposite sign, therefore Cs is
areversal. From Rule 2: (C2-B») and (Bp-Az) are of opposite sign so
B2 is a possible peak. From Rule 3A: [C2-Bz| > Edit Level. Set flag to
store data. Last valid peak_2 = B,, Second point 2 = Co.
Third_point_2 = Do.

1.3 A3B3C3, Fourth_point = Dj
From Rule 1: (C3-B3) and (B3-Az) are of same sign and thus C3 is not
areversal. Drop Cgz and now Third-Point_3 = Dj3.

Since the store-flag is set, store the data (the three strain values)
corresponding to the time of the new last valid peak as well as the data
corresponding to any current possible peaks that have not already been
stored. From channel 2, B, was identified as a valid peak. Therefore B+,
B2, B3 strains are stored. From channel 1, B¢ was identified as a possible

peak. However, the B strains were stored due to channe! 2 and they must
be stored only once.
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2.2

2.3
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A1B1Dq -

From Rule 1 and using data point E1, Dy is identified as a reversal.
From Rule 2, however, By is not a possible peak (and is already
stored).

From Rule 4, Second_point_1 = D4, Third_point = E1.

BoCoDo

From Rule 1 and E», D2 is not a reversal.

Thus, the Third_point_2 = E».

A3BaD4

From Rule 1 and E3, D3 is not a reversal.

Thus, Third_point_3 = Es.

(Using similar procedures as above, the following explanation is
abbreviated.)

3.1

3.2

3.3

A1D1E4

Eyis areversal. Dqis a possible peak.

|E+-D4| < Edit Level. Drop E4, Third_point_1 = Fy.
BoCoEo

Ez is a reversal. Cy is a possible peak.

[E2-Col| > Edit Level. Set store flag.

last valid peak = Co. Second point 2 = Es,
Third_point_2 = F».

AzB3Ej3

- Ezis not a reversal. Drop E3, Third point_3 = Fa.

Since the store-flag is set, store the three strain values corresponding to
the time fo Cs. (Store Cq, Cg, C3.) Also store possible peaks. From
channel 1, store strains corresponding to the time of D1; store D1, Dy, D3.

4.1

4.2
4.3

5.1

5.2

5.3

A1D4F4
F1is a reversal. D1 is not a peak, drop Dj. Second_point_1 = Fq,
Third_point_1 = Gy.

C2EaF2

F2 is not a reversal, Third_point_2 = Go.

A3BsF3

F3is not a reversal, drop Fg, Third_point_3 = Ga.
A1F1Gq

G4 is areversal. Fyis a possible peak,

|G1-F4} < Edit Level, drop G+. Third_point_1 = Hy.
CoExGa

Gg is a reversal. Ep is a possible peak.

|G2-E2| > Edit Level. Set store-flag.

Last valid peak_2 = Ep, Second_point_2 = Go,
Third_point_2 = Ho.

A3B3G3

Gg is not a reversal, drop Gs, Third_point_3 = Hs.
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Since store-flag is set, store strains corresponding to Es. (Store Eq, Ea,
E3.) Store possible peak strains. Fy is a possible peak. Therefore store Fq, Fo,
Fs.

This process continues until the edited history shown in Fig. A.4 is obtained. In

this example, only one extra set of data points was stored. These were the D

strains.
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APPENDIX B: IDENTITIES AND PROOFS USED IN DEVELOPMENT OF NON-
PROPORTIONAL CYCLIC PLASTICITY MODEL EQUATIONS

The equation of the yield surface is taken to be

t=3/2 (Sij - S,‘;) (5 - Sl(]:)

. of of
Identity 1. 35

dok

Proof:

of 3| 9
Jon =(2)§{ 3o (Sii - Sﬁ)][(sij -Sfj:)]

d
=3 —"é;;!' {(Gij -1/38ij5mm) - (cj - 1/38;jamm)H {(Si; ,Sic];)}

-

= 3| (dikdij- 1/38;j8mk5m;):l [( Sji - S ch:)}

=3 {(Skjalj‘ 1/3Sii8mkdmi) - (S}fjalj - 1/38ii5mk8ml)jf

Since S;i = 0, this reduces to

ot . ac
Son '—3{5“ Sk;} (B.1)
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o =2%fl[ 38, (S - s;@“m -si‘p}

=3 Sikﬁlj} {(Sij -Sﬁ)} ]

*a"é; =3|Ski- Skﬁ}

From (B.1) and (B.2)

ERNNS
dox 95l
. of of
Identity 2. é?ijdﬂij='5”§dsij
Proof:
From Identity 1,
o3t
doij 9Sij
therefore
of . _9f o
3y 1 =35 %S

of of
58_“ doj = éga ds;

From von Mises yield criteria the left-hand side of the equation is

- of
a—ciijdc;j = 3 (S - Sjj) daj

Expanding the right-hand side of the equation results in
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of of
_a_STj daSj = ﬁ'} (dojj - 1/3 didokk)

Using von Mises yield criteria, this is

at
3s; 95 = 3(Sj- S;)(daij - 1/3 8jdok)
Since
Sijdj =0
this is

of
égii dSjj =3 (S;- Si(i:) daijj

from {B.3) and (B.4)

Identity 3. SijdSij = Sydoj
Proof:
SidSj; = Sij(daij - 1/36domm)
= Sjdaj; - 1/35jidomm
Since Sj=0

(SjdSjj = Sijdoyj)

(B.4)
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APPENDIX C: EXAMPLES OF FLANE ORIENTATIONS

p=]

L‘.
\// y |
, / oy
¢=0° 8=0°
By =8 =0
x 3 £ x/
. z
: A
v
7 ,,,/
% % i
. - / -
0=0° 8=080° '
&y = -
/ o Ba =gy
. X
, Zz
i
4 N : |
A\ y
&&\\:\\‘ ¥ x '

RN

Egy = 005245 (Ex+Eg)
£y =8y (siN45°)  x
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V
et M

|
~<-

[
Y
2
x
$=45° g =gQ°
2
By 2By COS 45° + 5, sin245°
2
+ &g, (+5in 45 + cos 45°)
Epg = ancosz45° + Ewsin245°
2z z
| I\
) !
n -y /'J\\ -y
S - X'
pr
x X
¢=-45° § = 90°
EB =0

&4z (- sin (-45°) cos (-45°) £y ) +( 5in (-45°) cos (-45°) £,
+ 6 (sin” (+45%) + cos” (-45)



256

APPENDIX D: INPUT VALUES USED FOR NONPROPORTIONAL HISTORIES

Channel 1 Channel 2

NO VALUE RATE LDAD N

i} VALUE RATE LOAD FEAK FEAIZ
H —-5.30 .7 870 1 L86. 28 1.0 betad Kl i 0,0 0.0
2 &7.40 .7 FI7C 2 =37.21 .3 =1870 2 A 1.0
I -30.23 .9 -1520 3 1S.12 .4 750 3 1.6 1.4
4 &7 .44 .9 3IX70 4 =27.91 ST =1480 4 2.8 1.9
S =I2.56 L% —1630 = 43,02 .8 2150 S .4 2.5
& 651,863 .7 IOBO & =45.02 PS5 ~2140 & 4.3 .3
7 -18.60 .8 =30 7 11.63 .5 580 7 5.0 -, 8
8 &7.44 .B 3370 8 =48.84 L& =2450 a8 5.8 3.3
? -22.09 -8 =111¢ 3 20.93 - 1046 ? &.7 5.0
10 65..12 .8 3250 14 =-27.91 .7 =1300 10 7.9 5.4
11 ~24.42 -8 -12z30 11 S1.186 .9 T 2550 11 B.3 5.2
12 62,79 -4 3130 12 -43.02 -5 =21460 12 .1 7.0
13 18.60 .5 Ele 13 13.95 .4 &9 13 .5 7.6
14 70.93 .7 IS4G 14 -F"a.\g8 1.1 -=-17S0 11 10, ¢ B.o
15 -25.58 .B -1280 15 81.40 1.0 4070 15 10,9 ?.1
i56 65.12 .8 3230 16 =~24.42 -4 =1230 ié 11.7 10.1
17 16.28 .4 B1O 17 20,93 .9 1040 17 2.1 10.5
ig &L. 79 .7 F13¢ 18 -32.96 1.0 -1530 18 12.6 11,4
19 =-16.28B .8 =820 ie 74.42 4 720 19 17.3 11.9
Z20 6B.41 .7 J430 20 27.91 -4 1390 20 14.1 o. 8
21 29,07 4 1460 21 7T3.26 .7 I660 21 15.0 12.8
22 15,12 .3 750 22 -24.42 ,9 -1230 pale) 5.4 3.7
23 ~30.23 .B -1520 23 &£9.77 .4 I480 23 1.8 14.6
24 55.81 .5 2790 24 2=.58 B 1o70 =4 16.8 15,0
25 5.81 .6 290 25 76,74 .4 bt = juty] 25 17.1 15.4
z 59.77 .9 =480 25 27.%91 .5 1350 26 17.8 15.9
2 ~26.74 1.0 -1330 27 82,56 1.1 4120 =7 185 14&. 4
z8 76.74 .5 3830 2 -32.54 L9 —1630 28 19.5 7.5
29 11.63 .5 580 29 &7.44 . 3370 29 20,1 i8. 4
30 &7.44 .4 3370 30 4,463 & 230 ele) 20.4 17,0
31 4.64 .6 230 31 74.42 1.1 3720 21.2 19. 6
32 70.93 .5 540 T2 -39.54 .S -1980 21.8 pull Y
33 15.12 .5 730 33 16.28 .- 810 22.3 21,2
34 72.09 .4 3600 J4 -37.20 1.if -18&0 34 2.8 1.7
IS 23.26 ) 11460 35 B7.22 1.0 4380 IS 25,3 22,
ut) 67.44 .9 3370 346 =22.09 -7 =13110 36 23.7 23.8
37 —27.91 -9 =1400 37 55.81 - 2790 37 24,8 24.5
38 69,77 .4 3480 38 11.63 B 280 8 25.95 24,9
39 22.0%9 .4 1100 1 74.42 -] 3720 39 25.9 25.5
A0 &58.61 «9 430 40 15.95 Y- &0 40 26.3 26.1
41 18.490 .4 F0 41 81.40 1.0 4070 41 24.8 26.7
42 66.28 .4 3310 42 ~31,40 .9 =1570 42 o27.2 27.7

« Maximum "Value" = 100.00 (100 percent)
Maximum "Load" = 5000 pounds
Maximum "No" = 212 (212 points in load history)
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43 17.44 -5 87 Az 67,77 ) FA80 ai 7.7 28.7
44 70,93 .8 3540 44 2.33 .8 | S 34 6.2 7.z
45 -18.60 8 -330 45 88.37 1.0 4410 45 29.0 3.1
44 69,77 .5 3480 46 =23.2s4 B —ti1vo 18 27.0 T1.1
a7 18,560 ] FZ0 47 60,47 .5 Q20 47 30.3 1.9
48 74,432 -] I720 48 3.49 .7 170 48 0.8 3.4
49 23.26 .4 1180 4% 835.72 .9 4180 45 31.3%
20 &b.28 1,0 3310 S0 27.91 -1 1390 S0 J1.7
1 =37.21 .9 -1i870 o1 79.07 1.2 3950 S1 2.6
52 43.95 .S 319G S92 -52.33 1.1 =2420 g2 33,5 33.3
53 S.81 L& 290 53 65,12 .S 3250 S3 34,1 36,4
54 &8.41 -4 3430 o4 13.95 -] 6T =4 34,7 36.9
55 22.09 . 1100 53 7326 1.0 pat-Y-1a] 55 Jo.t I7.4
=7-1 87.21 - 4360 S6  -30.23 2S5 1520 =13 5.7 38.4
S7 20,93 -4 1040 57 23.248 ) 1160 57 36.3 8.9
=8 &8. 61 .7 J430 o8 =-20,.93 .8 -1050 58 Ib6.7 39,3
59 -25.58 «F -1280 59 63.12 1.0 250 59 37.A I- T |
&0 74.42 -8 3720 60 =47.867 1.0 <2390 &0 38.5 41.1
6F ~13.9¢ e ~700 &1 S5.81 «4 27390 61 I9.2 42,1
&2 &7.44 .8 370 &2 8.14 - 100 & 40,1 4z.5
63 ~18.77 .8  -%90 63 68.61 .9 x4y 63 40,9 4341
&4 &2.79 .8 3130 &4 -29.07 -7 ~144Q &4 41.7 44 .
&5 -19.77 .2 -390 &5 82.33 .8 2610 =1 42, 44,7
b6 74.42 .9 3720 bs =34.88 1.1 -175a¢ =15 4z, 3 45,
&7 ~19.77 .5 ~2%0 &7 72.07 1.0 IF50 &7 44,1 4b.6
&8 49.77 1,0 3480 &8 -25.58 »F?  =12B0 &8 45,0 47.5
6% =34.88 1.i =1750 &9 &9.77 .5 3480 59 A5 4B. 24
7O 86.05 1.0 4300 70 18, &40 - FI0 70 47.0 48,9
71 =24_42 S ~1230 71 81.40 .7 4070 71 48.1 4%.5
72 24.42 .4 220 72 =-20,93 & —1050 72 48,5 50,4
3 =-19.77 .9 -230 3 48.84 ) 2441 3 48.9 S1.1
74 77.91 1.0 3890 74 4,48 .5 270 74 47.8 S1.8
73 =34.88 1,0 -17s0 75 5%.30 .5 29460 75 50,9 S2.0
74 72.09 b J&00 76 5.81 -1 290 78 1.8 52.5
77 11.63F -] 380 77 55.681 -5 2790 77 SZ.4 52,9
78 77.91 1.0 3820 78 &.98 -] 340 78 S55.0 53.4
79 =2&.74 .7 -13240 79 55.81 .4 2790 79 53,0 33.8
BO 72.09 .2 I&00 a0 B.41 =) 420 =[] S4.9 54.3
81 =23.26 <5 ~1170 81 &0.47 .8 020 81 55.8 54,7
a2 27.%1 -4 1390 82 -22.09 L7 =1110 2 S4.2 55.9
83 =~15.12 .8 =-7&0 83 765.74 .l 3830 3 Sh. & S6. 4
84 70.93 .8 3540 a4 8.14 .B 400 84 S7.4 57.0
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8&

88
89
0

71
2

3

94
95

76
7
99

100
101
102

103
144
105

10&
107
108

109
119
111

112
113
114

115
114
117

118
149
120

12t
122

123

124
125
128

=-19,.77
59.30
-27.91

&5.12
~20.93

2.09

-18.40
58.14
153.95
70.93
18.60
4£8.61

-27.91

_79.07

5.81

81,463
17.44
&67.44

-19.77
72.09

-25.58

20.93
-26.74
68,461

=20, 93
w0, 00
6.98

66.28
-T7.21

1S.12

-27.91
47,02
=43.02

11.63
-48.84
20.93
=27.91
Sl.1é6

~43.02

13.95

~34.88

81.40

-9%0
2960

—1400

IZTO

=1030

jet-Tald]

-@30
2900
&30

3540
30
3430

=1400

3IFS0
290

080
870
3370

—200
3500

=-1280

1040

-1340

J4350

1050

2800
340

I310

—187¢

750

=1400

2150

=2160

80

2450

1040

~1400

2550

=214&0

&0

-1750

4070

1530
101
102

1073
104
105

104
107
108

109
110
111

112
113
114

115
1i1é
117

118
119
120

121
122

123

124
125
126

100,00

S1.16
95.35
42.02
88.357
18. &0

66.28

-25.26

82.56

—2&.74

&2.77

—-24.42

47.87

=27.91

68.61

—3Z.Tb

69,77
-2.30

&7 A0

=30.23

&7 .44

-T

I2.58

61.63

~18.60

&H7.44

~22.0%9

&T.12

~24.42

eZ.7%9
18,40

70.93

-25.88

&3.12

146.28
62.79

-16.28

&8.61

=29.07

15.12

-30.23

S5.81
—.81

SO0
2350

4750
2150
4410

S0

IT10

=1170

4120

13540

F480

~1230

2380

~1400

3430

~186350

3480
=370

IT7O

=1520

3370

“«“l1&ZTO

J080C
—FI

3370
-11102

2250

85
8é4
87

0

=3

140
101
102

102
104
109

108
107
108

109
110
111

112

113
114

115
114
117

118
112
120

121

1'.‘".‘

-

123

1243

125
126

TH.4

77.8

78.2
78.8
EA

8.1
80,7
81.3

21.8
8Z.9S

85. 4
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139
140
141

142
143
144

145
147

148
149
150

151
152

135

154
155

156

157
158
159

160
161

C1ap

163
164
165

166
167
168

~24.42
20.93

~32.56

74.42

27.91

73.286

~-24.42
a?.77

25.58

76,74
27.91
82.56

-32.56
&£7.44
4.65

74.42
-39.54
156.28

-37.20
B87.22
-22.09

55.81
11.4&3
754.482

15.95
81.40
=31.40

&6%.77
-

La Dk

88. 37

=23. 26
&0. 47
3.49

B3.72
27.91
TR Q7
-53.33
65.12
15.95

75.26
=-30.23
23.26

1.¢
.5

4

=1230
1040
=1630

3720
1390
3660

~-1Z230
I480
1270

3830
1390
4120

~14T0
3370

230

3720
~-1980
gic

-1860
4360
-i110

2790
=S80
3720

590
4070
-1570

3480
110
4410

-117C
F020
170

418¢
1390
fuirg=le)

~2620
3250

670

36560
-1520
1140

127
128
129

130
131

132

133
154
135

138
137
138

137
140
141

142
143
144

145
144
147

148
159
15¢

151
152

153

154
158

156
157

158
159

- 180

161
1462

165
164
145

166

1&7
148

59.77
~26.74
76.74

11.63
57.44
3.64

70.93
15.12

72.09

23.26
6£7.44
-27.91

6%.77
22.09
4B. 461

18_ 40
66,28
17.44

70.93
~18.60
&9.77

18. &0
74.42

23.26

£6.28
-37.21

&35.95

S.81
&8.61

22.09

ar.21
20,93

6B8.61

-25.58
74.42
—13. %0

&7.44
-19.77
a2.79

~19.77
74.42
-19.77
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=
-

.4
=]

.8

-2

3480
-1340
3830

B8O
IZ70

230

I540
750
jut-le el

1160
II70
=14Gu

SR80
1100
3430

FTO
3310
870

3540
230
3480

30
IT20

1180

310
-1870C
J190

290
340
1100

4360
1040
3430

-1280
I7Z20
-7

3370
=790

g putel

~990
3720
-9%0

1359
141

122
143
144

145
144
147

149
149
1SS0

131
12

153

154
E =i o
=13

156

157
15

139

1860
1&1
162

143
164
165

166
1467
168

B&. 4
86.8
B7.3

88. 3
88.7
89.2

Fu.l
0.2
F1.3

?1.8
F2.3

z.8

7.8
°4,7

9S.3

Pl O
97.0
?7.5

98.0
9.2
100.2

100.9
101.3
101.9

102, 4
103, 1

104, 1

105.0
105, 6
106, 4

1G67.5
10g,2
108.8

109.5
116.0
110.5

111.7
112.8

11=,2

113.8
114.7

118.2

g87.8
B83.7
B7.6

90,2
0.7
91.3

?1.9
92.4
PI.T

.4
9z.8
4.7

T5.6
5.0
§6£.5

Fh.?
7.4
97.8

o8-
99. 1
99,9

100.4
10G.9
101.4

101.8
1627

103.7

14,2
14,8

105.2

105.8
106. 4
1046, 9

107.7
1498.7
149.5

110.2
111.¢
111.8

112.5
113.4
114. 3
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175
176
177

178

179

180

i81
182
183

184
185
184

187
188
189

190
191
192

193
194
195

194
197
198

199
200
201

202
203
204

zog
208
207

208
209
210

20,93
85. 12
=-437.567

S5.81

‘8.14

&8, 41

—29.07
S2.33

-34.88

79.07

—-25.58

69.77

18,60
81.40
—2¢.93

48.84
4.686

5930

5.81
S5. 88

&£.98

S5.81
8.41
&0,47

~22.09
76.74
8.14

100.00
Si.16

?3.35

.02
88.37
18.50

64.28
=23.26

82.58

—-2&.74
69.77
—24_42

47.67
-27.91
68.61

.8
1.0
1.0

.4
-3
.9

1.1

.5

~1Q50
I250
~23%0

279¢
3400
3430

~14&0
2610
-1750

3950
-1280Q
3480

I3
4070
=1050

2440
230
29460

290
2790
340

2790
420

3020

-1110
B30
400

S000
2550

4760

2150
4410
FI0

3310
-1170
4120

-1340
3480
=-1230

2380
=1400
F430

1469
170
171

172
173
174

175
174
177

178
179
igo

i81
182
183

184
185
186

187
188
189

190
191
192

193
134
195

126
197
198

199
200
201

202
203
204

200
2058
207

208
209
210

&9.77
-34.88
86.05

~24,42
24.42
-19,77

77.%1
-34.83
732.09

11,463
77.91
-256.748

2.09
=-23.246
Z7.71

-15,12
70.93
—12,77

59.30
-27.91

&5.12

-20.93
72.09
~-18. 60

S8.14
13.9%

70.93

18. 860
&B. 61
-27.91

79.07
S5.81
61.63

17.44
67.44
-19.77

72.09
-25.58
20.93
—25.74

68.61
-20.93
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.9
.4
.4

-7
.8
.7

3480
=1750
4300

-123
1ZZE0
=970

S8
=175

JEQ0

. 580
3890
-1340

3600
-1170
1390

-7 &0
3540
—FPAC

2960
=1400Q

3250

=1050
3600
~330

2900
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T340

30
J430
=-1400

3930
290
3080

870
3370
-G

3600
-1280
1040

—1340
J430
-1050

169
170
171

172
173
174

175
176
177

178
179
180

181
182
183

184
185
186

187
188
189

190
191
192

193
124
195

194
197
198

199
200
201
zaz
203

204

205
206
207

Z08
209
210

115.6
114.4
117.5

118.4
118.9
119.4

124, 3
121.1
121.29

122.%9

139.9
140.8
141,48

F4Z. 3
143.0
1435.9

115.1
1i46.1
117.2

118.2
118.6
119.1

120, 0
121.4
122.0
122.5
12241

124.1

135.0
125.9

126.4



211 -T2.56 .7 =1430
212 &9.77 .7 3480

TOTAL TIME= 146.5 SEC
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211 S0.00 .4
212 &.98 -1

2.4 MIN.

2500
340

211

212

144.8
145.8

145.5

145. 9
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2.4
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